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pasting a finite number of boundary relations with a standard interface 
condition. A model example for this situation is a Schrodinger operator 
on a star-shaped graph with continuity and Kirchhoff conditions at the 
interior vertex. We compute the multiplicity of the singular spectrum 
in terms of the spectral measures of the Weyl functions associated with 
the single (independently considered) boundary relations. This result is a 
^SJ ■ generalization and refinement of a Theorem of I.S.Kac. 
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! 1 Introduction 



In the present paper we undertake an analysis of the singular spectrum of self- 
adjoint operators which are constructed by pasting a finite number of boundary 
triples (relations) by means of a standard interface condition. 

For the purpose of explaining our results without having to introduce too 
much terminology, we consider a model example: A Schrodinger operator on 
Q>^ ■ a star-graph. Consider a star-shaped graph having finitely many edges, say, 

iJT) \ El, ... , En. We think of the edges as (finite or infinite) intervals Ei = [0, e;), 

■ where the endpoint corresponds to the interior vertex. A selfadjoint operator 

can be constructed from the following data: 
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X: 

' (3) An interface condition at the interior vertex. 



b.c. 



(1) On each edge Ei, a real- valued potential qi G Ll^^{[0, e;)). 

(2) Boundary conditions at outer vertices ei, if Weyl's limit circle case prevails 
for qi at ej. 
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The operator A one can associate with this data acts in the space H := 

n 

n ^2(0,6/) as 
1=1 




on the domain 

domA < (ui,...,'u„) e ]^L2(0,e;) : 

u;, are absolutely continuous, —it" + qiui G -^2(0, e;), 

u; satisfies the boundary condition at outer vertex (if present), 

Ml, . . . , u„ satisfy the interface condition at the inner vertex^ . 

(1.2) 

A frequently used interface condition, sometimes called the "standard condi- 
tion", is 

n 

Mi(0) = ... = ii„(0) and ^m;(0)=0. (1.3) 

1=1 

In the case "n = 2" the condition (|1.3p arises when investigating a whole-line 
Schrodinger operator with the classical method of Titchmarsh and Kodaira. 

The task now is to describe the projection- valued spectral measure E oi A 
in terms of the scalar spectral measures fii of the non-interacting operators Ai , 
Z = 1, . . . , n, which are defined by the potentials qi on the edges Ei independently 
(imposing Dirichlet boundary conditions at the inner vertex for each of them). 

A precise description of the absolutely continuous par10 Eac of E, includ- 
ing computation of its spectral multiplicity, is readily available. It states that 
Eac is equivalent (in the sense of mutual absolute continuity) to the sum 
A*i,ac + • ■ • + fJ"n.ac of the absolutely continuous parts of the measures fii. More- 
over, informally speaking, the local spectral multiplicity corresponding to Eac 
is equal to the number of overlaps of /^i,ac, ■ • ■ , M«,ac (for a precise formulation 
see Theorem II. ip . These facts follow from [GTOOl Theorem 6.6], a result which 
can be viewed as a higher-dimensional analogue (and refinement) of one half 
of Aronszajn-Donoghue theory for rank one perturbations. Namely, of the part 
which asserts stability of absolutely continuous spectrum, cf. [Aro57[ Theorem 
1], |Don651 Theorems 2 and 6jl. Another approach proceeds via scattering the- 
ory and uses a modification of the Kato-Rosenblum theorem [BK62. Kat65] , see 
also [YafOOi Theorem 1.9]. Since the operator A is a finite dimensional pertur- 
bation (in the resolvent sense) of the operator wave operators exist 
and are complete, which in turn means that the absolutely continuous parts of 
these operators are unitarily equivalent. 

^Notice that the notions of absolute continuity and singularity of measures make sense 
also if the involved measures have different ranges. Moreover, Lebesgue decompositions of 
a projection-valued measure with respect to a scalar measure (in this case, the Lebesgue 
measure) exist. 

■^See also |GTOOI Theorem 3.2, (j)-(iii)] for a summary. 
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In the present paper, we describe the singular part Eg of including a 
formula for spectral multiplicity. Our main result is Theorem 11.21 below (where 
we provide the formulation for the Schrodinger case; for the general situation 
see Theorem 14. ip . Again speaking informally, it says that: 

(I) One part of Eg appears where at least two of the singular parts /i;.s of 
the measures /i; overlap. Where only one singular part fii^s is present, the 
spectrum disappears. 

(II) For the part of Es described in (I) , the local spectral multiplicity is equal 
to the number of overlaps of /ii s, . . . , /x„^s minus 1. In particular, the 
multiplicity cannot exceed n ~ I. 

(Ill) The remaining part of Eg is mutually singular to each of the spectral 
measures fii and has multiplicity 1. 

This theorem is a generalization and refinement of a theorem given by I.S.Kac 
m He considered the case of two edges and showed that the spectral 

multiplicity of the singular part Eg is always 1. Kac' Theorem corresponds to 
the upper bound for multiplicity in (II) and simplicity of spectrum in (III). 
Realizing a change of boundary condition of a half-line operator as an interface 
condition with an "artificial second edge", we can also reobtain the half of 
Aronszajn-Donoghue theory which asserts disjointness of singular spectra for 
different boundary conditions, see again |Aro57| . |Don65j . or |GTOO[ Theorem 
3.2, (iv)]. This corresponds to the fact in (I) that, if only one spectrum is 
present, it disappears. 

By using the abstract framework of boundary relations, instead of just dis- 
cussing a Schrodinger operator on a star-graph, we achieve a slight generalization 
and a significant increase of flexibility in applications (various kinds of opera- 
tors, not necessarily being differential operators, can be treated). This bonus 
comes without additional effort, since our proofs proceed via an analysis of Weyl 
functions and associated measures, and do not rely on the concrete form of the 
operators on edges. 

The description of the absolutely continuous part Eac is not specific for the 
geometry of a star-graph and/or the use of standard interface conditions: the 
mentioned result iGTOO, Theorem 6.6] holds for arbitrary finite-rank perturba- 
tions. Contrasting this, the description of the singular part Eg given in (I)-(III) 
is specific for the particular situation. This is seen, for example, from some 
known formulas for the maximal multiplicity of an eigenvalue of a Schrodinger 
operator on a graph (not necessarily a star-graph) . It turns out that this number 
depends on the geometry of the graph (rather than rank of the perturbation), 
see [KPllj and the references therein. Another good example is a theorem due 
to J. Rowland, cf. |How86[ 2. Theorem]. There for a certain type of finite-rank 
perturbation a behavior is witnessed which is fully in opposite to (I)-(III). Also 
we should mention that, although the considered operator A is "only" a rank- 
one perturbation of the direct sum of the non- interacting operators Ai , classical 

^FuU proofs are provided in IKac63| (in Russian). An English translation of this paper 
is not available, however, the proof was reproduced by D.Gilbert in |Gil98l : The operator- 
theoretic half of Kac' theorem is IGil98l Theorem 5.1], the measure-theoretic half is |Gil98l 
Theorem 5.5, (i)]. An interesting approach to Kac' theorem was given recently by B.Simon 
in |Sim05| who proceeds via rank-one perturbations and uses Aronszajn-Donoghue theory. 
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perturbation theory does not give much information. For example, the Kato- 
Rosenblum theorem deals with absolutely continuous spectrum, or the theorem 
[WciOO, Satz 10.18] on the ranges of spectral projections yields information only 
for isolated eigenvalues. The singular (continuous and possibly embedded) spec- 
trum is much more instable, and its behavior is much harder to control. 

Let us give a brief outline of the organization of the paper. In the second part 
of this introductory section, we explain the structure of the spectrum of A in 
some more detail (old and new results). Section 2 is of preparatory nature. We 
set up notation and collect some results from the literature concerning: spectral 
multiplicity, Borel measures, and Cauchy integrals. 

In Section 3, we recall some facts about boundary relations and the 
Titchmarsh-Kodaira formula. We define the main object of our studies, the 
pasting of boundary relations with standard interface conditions, cf. Definition 
13.161 and compute its matrix valued Weyl function in terms of the Weyl func- 
tions of the single boundary relations. Moreover, we carry out the calculations 
required to determine the point spectrum. Though this is of course included in 
our main result, we find it worth to be formulated and proved independently; it 
serves as an elementary accessible, yet precise, model for the behavior of singular 
continuous spectrum. 

Section 4 forms the core of the paper. In this section we formulate and prove 
our main result Theorem 14.11 the major task is to get control of the singular 
continuous (possibly embedded) part of the singular spectrum. The proof can be 
outlined as follows: We further divide the singular part Es into two summands. 
Namely, setting /i — X^i'Li decompose Eg into the sum of a measure which 

is absolutely continuous with respect to /x and one which is singular with respect 
to fi. First, we show that on null sets of the measure /i only simple spectrum of A 
may appear, and this shows item (III). Second, we consider points having certain 
"good" properties regarding existence of derivatives of involved measures and 
pointwise asymptotics of their Poisson and Cauchy integrals. For such points 
the multiplicity of the spectrum can be calculated, and this shows items (I) and 
(II) on the set of "good" points. Finally, we show that this set of "good" points 
in fact supports the full singular part of fj,, and thereby complete the proof of 
items (I) and (II). 

The paper closes with two appendices. In the first appendix we provide 
some examples which show that all possibilities permitted by (I)-(III) indeed 
may occur. These are not difficult to obtain and are based on classical theory 
and some more recent results on concrete potentials on the half-line. This 
section will not hold many surprises for the specialist in the field; we include it 
to give a fuller picture. In the second appendix we show how to reobtain from 
our present results the classical theorem of Aronszajn and Donoghue on singular 
spectra associated with different boundary conditions. Moreover, we include a 
short discussion of some (a few) interface conditions different from the standard 
condition. 

There occurs an obvious open problem: Is it true that also for other finite- 
rank perturbations the singular continuous spectrum behaves in the same way 
as the point spectrum (concerning its multiplicity)? In a very general setting, 
one may think of investigating arbitrary finite rank perturbations; optimally 
obtaining a full higher-dimensional analogue of Aronszajn-Donoghue theory for 
singular spectra. However, this is probably wishful thinking: Keeping in mind 
the difficulties which arise when considering eigenvalues in the case of standard 
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(Kirchhoff) interface conditions on a graph with a somewhat more complicated 
geometric structure, aheady a thorough investigation of this situation seems a 
challenging task. 

At present, the answer to whatever version of the above posed question is 
not at all clear. The computations we use in this paper are specific for the case 
"star-graph+standard interface conditions" . We plan to address this problem 
in future work. 

Detailed description of the structure of cr(A) 

Again, for the purpose of explaining, we consider a Schrodinger operator A on 
a star-graph which is given by the data (l)-(3). 

A first, rough, insight into the structure of the spectrum is provided by the 
classical Titchmarsh-Kodaira formula. We may consider the operator A as a self- 
adjoint extension of the symmetry S whose domain is defined by requiring that 
ui{0) = u'i{0) = 0, / = This symmetry is completely non-selfadjoint, 

and has defect index (n,n). The spectral multiplicity of A cannot exceed n: 
There exists an n x n-matrix valued measure fl such that the operator A is uni- 
tarily equivalent to the operator of multiplication by the independent variable 
in the space i2(M, fi). A measure with this property can be constructed using 
Weyl theory. Since A is an extension of S, there exists a matrix-valued Weyl 
function M{z) corresponding to A. The measure n in the Herglotz-integral 
representation of M has the required properties. 

Since the spectral projection of the multiplication operator in ^2(^7 ^) onto 
a Borel set A is the multiplication operator with the indicator function of A, it 
follows that fl and E are mutually absolutely continuous. If we set p := tril, 
then it is easy to see that 57 and p are mutually absolutely continuous. We call 
the measure p from this construction a scalar spectral measure corresponding 
to the operator A (this measure is of course not unique). 

The same procedure can be carried out for each of the operators Ai. For 
the operator Ai the defect index of the minimal operator is (1, 1), and one gets 
a unitary equivalence to the multiplication operator the space L2(J&,pi), where 
pi is the (now scalar) measure taken from the Herglotz-integral representation 
of the Weyl function associated with Ai . 

Let Na{x) be the spectral multiplicity function of A which is defined p-a.e. 
The detailed definition of Na requires some background; we recall it in §2, see 
(|2.2|) . Moreover, set p := ^^^-^ pi , and 

r{x) #{? e {1, . . . , n} : D,,pi{x) > O} ■ (1-4) 

Here D^pi(x) denotes the Radon- Nikodym derivative of pi with respect to p, 
and the function r(x) is defined p-a.e. Note that X^ILi -D^/i; = 1 and hence 
r{x) > 1 for /z-a.a. points x G M. 

A complete description of the absolutely continuous part of the spectral 
measure E oi A follows from |GTOOI Theorem 6.6]. Notation: We use ^ to 
denote mutual absolute continuity of two measures. 

1.1 Theorem f |GTOO] ). Let A be a Schrodinger operator on a star- graph given 
by the data (l)-(3) using the standard interface condition (jl.3p . Denote by E 
the projection valued spectral measure of A, let p be the sum of the scalar spec- 
tral measures of the non-interacting operators Ai, and let Eac and pac be their 
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absolutely continuous parts with respect to the Lebesgue measure. Moreover, let 
Na be the spectral multiplicity function of A, and let r{x) be as in (jl.4l) . Then 

(I) Eac ^ f-ac- 

(II) Na{x) — r(x) for Eac-a.a. points a; G R. 

The following complete description of the singular part of the spectral measure 
E oi A is the main result of this paper (formulated for the Schrodinger case; 
the general statement is Theorem 14. ip . Notation: If X is a Borel set, we write 
tx ■ V for the measure acting as (Ix ■ '^)(A) = v{X n A). 

1.2 Theorem. Let A be a Schrodinger operator on a star-graph given by the 
data (l)-(3) using the standard interface condition (|1.3|) . Denote by E the 
projection-valued spectral measure of A, let fi be the sum of the scalar spectral 
measures of the non-interacting operators Ai , and let Eg and fis be their singular 
parts with respect to the Lebesgue measure. Let E^^ac and Es^s be the absolutely 
continuous and singular parts of Es with respect to fi. Moreover, let Na be the 
spectral multiplicity function of A and ( as in (jl.4l) ) 

r{x) G : D^fXi{x)>Q]. 

Then 

(I) Es^ac ^ lx>i • ^J■s where Xyi := r^^({2, . . . . 
(II) Na{x) = r{x) — 1 for Eg^ac-a.a. points a; £ M. 
(Ill) A'^(a;) = 1 for Es.s-a.a. points x £R. 

Notice that the Radon-Nikodym derivatives U^/z; and the number r are defined 
//-a.e. The functions Na and r should be considered as representatives of the 
equivalence classes under different equivalence relations. However the equality 
in item (II) makes sense and holds true -Es,ac-a-e. for any choice of such rep- 
resentatives, because the measure E^^ac is absolutely continuous with respect 
to both E and /i. In turn the set X>i is defined up to a /i-zero set, but the 
measure llx>i ■ f-s is defined uniquely. 

Finally, let us make explicit the behavior of the point spectrum. 

1.3 Theorem. Let A be a Schrodinger operator on a star-graph given by the 
data (l)-(3) using the standard interface condition (jl.3p . Denote by mi the Weyl 
functions of the non-interacting operators Ai, and r{x) be as in (jl.4p . Then a 
point X G R belongs to ap{A), if and only if one of the following alternatives 
takes place. 

(I/II) The point x belongs to at least two of the point spectra ap{Ai). In this case 
the multiplicity of the eigenvalue x is equal to 

#{/ = : xe cTpiAi)} - 1. 

(Ill) The limits mi{x) :— \\mi,^Qmi{x + ie) all exist, are real, we have 
Wxn^l^i) j^{mi{x + ie) ~ mi{x)) € [0,oo), and X]J=i™'(^) = ^- ^''^ ^^'■^ 
case X is a simple eigenvalue. 
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The connection of Theorem 11.31 with the general result Theorem 11.21 is made 
as follows: For a point belonging to the point spectrum of at least one of the 
operators Ai, we have D^^k{x) > if and only if x G Up{Ak) (fc G {1, . . . 
Hence, for such points, 



Moreover: If x is an eigenvalue of only one operator Ai it disappears. And the 
set of all points x which satisfy the conditions stated in (III) is /i-zero. 

2 Preliminaries 

2.1 Some terminology concerning measures 

First of all, let us fix some measure theoretic language. We denote by B the 
cr-algebra of all Borel sets on R. All measures v are understood to be Borel mea- 
sures, and this includes the requirement that compact sets have finite measure. 
Whenever writing JT)" , this implicitly includes that X € B. If we speak of 
a positive measure this measure needs not to be finite. For a complex mea- 
sure V, we denote by \v\ its total variation^ and this is always a finite positive 
measure. If a complex measure takes only real values, we also speak of a real 
measure. 

In some places we have to deal with sets which are not necessarily Borel 
sets, and with functions which are not necessarily Borel measurable. We say 
that X is a v-zero set, if X C R and there exists a Borel set X' X such that 
v{X') = 0. We say that a set X C M is I'-full, if its complement is v-zem. A 
property is said to hold v-a.e. or for v-a.a. points x, if the set of all points 
where it holds is i/-full. Moreover, we say that a partially defined function / is 
v -measurable, if its domain is j/-full and there exists a Borel measurable function 
which coincides ly-a.e. with /. Integrals /jj / dv of j/-measurable functions / are 
defined accordingly. 

Of course, such terminology could be avoided by considering v as a, measure 
on the completion of the cr-algebra B with respect to i', and understanding 
measurability with respect to this larger cr-algebra. However, then one has 
to work with different cr-algebras for different measures, and this would make 
things technically laborious. 

When p is a (positive or complex) measure, and cr is a positive measure, we 
say that v is absolutely continuous with respect to a (and write v <^ a), ii each 
cr-zero set is also iz-zero. We say that v and cr are mutually singular (and write 
I' _L cr), if there exists a Borel set A which is z^-fuU and cr-zero. Moreover, we 
say that v and a are mutually absolutely continuous (and write cr), if j/ <C cr 
and a ly. 

Each measure v has a (essentially unique) decomposition into a sum — 
^ac -\- Vs oi a measure Vac with Vac ^ cr and a measure Vg with -L cr; this is 
called the Lebesgue decomposition of u with respect to cr. li v <^ cr, then there 
exists a (essentially unique) Borel measurable function D„v with 



r(x)=#{/ = l,.... 



n : X e cTpiAi)] . 
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This function is called the Radon-Nikodym derivative of i' with respect to a. It 
belongs to L^{a), if i/ is a complex measure, and to Ll^^{a), if i/ is a positive 
measure. 

Let I' be a complex measure, and let / £ L^i^^)- Then we denote hy f ■ fi 
the measure which is absolutely continuous with respect to v and has Radon- 
Nikodym derivative /, i.e., 

(/•i.)(A) / fd,y, AeB. 

J A 

In particular, if X is a Borcl set, we have {Ix ■ t^){A) = ^{XnA), AeB, where 
Ix denotes the indicator function of the set X. If is a positive measure, the 
same notation will be applied when / G Ll^^{h'), / > 0, and the product / • u 
will again be a positive measure. 

The support of a measure v is the set 

suppv := {x eR : iy{[x - e,x + e]) > 0,e > 0} ^ P| A. 

A closed. 

This notion must be distinguished from the notion of a minimal support of the 
measure v. By this one means a any Borel set S with S) ~ and such 

that any set So Q S with i^(5'o) = is also Lebesgue zero. 

All these notions also make sense when v is a projection valued measure (like 
the spectral measure of a selfadjoint operator) or a matrix valued measure (like 
the measure in the Herglotz integral representation of a matrix valued Herglotz 
function) . 

2.2 The spectral multiplicity function 

In order to define the spectral multiplicity function, which measures the local 
multiplicity of the spectrum, we have to provide some background material. 
These topics are of course classical, see, e.g., |AG93] . |BS87) . |RS80| . Let A 
be a (possibly unbounded) selfadjoint operator acting in some Hilbert space H, 
and denote by E its projection- valued spectral measure. A linear subspace G 
of H is called generating for A, if ("V" denotes the closed linear span) 

\/{E{A)G: AeB}=H 

The spectral multiplicity of the operator A is defined as the minimal dimension 
of a generating subspace, and denoted by mult A. If mult A — 1, one also says 
that A has simple spectrum. For the sake of simplicity (and because this is all 
we need), we assume throughout the following that mult A < oo. 

There exist (see, e.g., |BS871 Theorem 7.3.7]) elements gi, I — 1, . . . , mult A, 
such that the subspaces Hi := \/{E{A)gi -.AeB} are mutually orthogonal, 
the subspace G := spanjgi, . . . ,5rnuit a} is generating, and the scalar measures 
vi defined as i'i{A) := {E{A)gi,gi), AeB, satisfy 

fmult A < • • • < < i^i ~ £^ ■ (2.1) 

Each set {gi, . . . ,gmuitA} with these properties is called a generating basis. 

If {gi, . . . ,gmuitA} is a generating basis, the subspaces Hi are mutually or- 
thogonal and each of them reduces the operator A. The operator A\hi has 
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simple spectrum and is unitarily equivalent to the operator of multiplication by 
the independent variable in the space L2(M, t'g, )• Thus A is unitarily equivalent 
to the multiplication operator in the space n"=i*"^ -^2(R, i^i)- Consider the sets 
(which are defined up to E-zero sets) 

Yr.^{xeR: {D,,^i^g,){x) > 0} . 

Then 

and these sets may be considered as layers of the spectrum. Hence, it is natural 
to define the spectral multiplicity function of A as 

NA{x):=#{l:xeYi}. (2.2) 

This function is defined almost everywhere with respect to the projection valued 
spectral measure of A and does not depend on the choice of a generating basis 
{gi, . . . ,gmuitA}, cf. |BS87i Theorem 7.4.2]. Spectral multiplicity function is a 
unitary invariant. 

If ^ is a selfadjoint linear relation, it can be orthogonally decomposed into 
a sum of a selfadjoint linear operator Aop and a pure multivalued selfadjoint 
linear relation (the pure relational part of A). In this case, define Na '■= Na^^- 
Obviously, this definition is also unitarily invariant. 

Of course, the spectral multiplicity function of an eigenvalue is equal to the 
dimension of the corresponding eigenspace. 



2.3 Symmetric derivatives of measures 

In this subsection we recall the notion of the symmetric derivative of measures, 
and the formula of de la Vallee-Poussin which describes the Lebesgue decompo- 
sition of one positive Borel measure with respect to another. These topics are 
again classical, see, e.g., |Sak64) . A presentation in an up-to-date language can 
be found, e.g., in |DiB02j . 

2.1 Theorem ( [DiB02| l. Let v and a be positive measures. Then there exists 
a Borel set £u,a C supp v fl supp cr with 

v{£u.,y) = Cr[£u.,y) = 0, 

such that for each x G supp a \ £u,a the limit 

v([x — e^x + el) 
lim— )- 

eJ-O a[\x — e,x + e\) 

exists in [0, oo] and defines a Borel measurable function. 

Due to this proposition, we can naturally define a function which is partially 
defined, z^-measurable, and cr- measurable (but may be not Borel measurable). 



2.2 Definition. Let v and a be positive measures. Then the symmetric deriva- 

dcr 



tive ^ of V with respect to a is the partially defined function 



rhj I lim "^([^ , X G supp (7 and the limit exists in [0, ool, 

"''^ \oo , x e supp u \ supp a. 
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Note that this definition is symmetric in v and a in the following sense: // a 
•point X belongs to the domain of then it also belongs to the domain of ^ 

<^nd ^(x) = {^{x)y\ 

The symmetric derivative ^ can be used to explicitly construct the Lebesgue 
decomposition of v with respect to ct. To formulate this fact, denote 

Xoo(i^, cr) |a; G (supp U supp cr) \£u,cr ■ ^(^) ^ °°} ' 

2.3 Theorem (de la Vallee-Poussin). Let v and a be positive measures. Then 
(i) The function ^ belongs to Ll^^{a). In particular, a{Xoo{i',(j)) = 0. 
(m) For each Borel set X C we have 

/d 
-£{x) da{x). 

X 

Let V ~ Vac + i^s be the Lebesgue decomposition of v with respect to a. Then, 
indeed, the formula of de la Vallee-Poussin says that 



dv 
da 



— (x)-CT, Vs ^ tx^{u,a) ■ ■ (2.4) 



In particular, if ^ cr, then ^ is a Radon-Nikodym derivative of v with respect 
to a. 

In the sequel we extensively use the following immediate consequences of the 
de la Vallee-Poussin theorem. 

2.4 Corollary. Let v and a be positive measures, and let X C R. 
(?) // ^{x) = for all X G X , then X is u-zero. 
(ii) If the set X is u-zero, then ^{x) = for a -a. a. .t G X. 
{Hi) If X is a Borel set and ^{x) G [0, oo) for all x G X, then Ix ■ v <^ a. 
Proof. 

Item (i): The set 

Xo{h', a) :— |x G (supp u U supper) \ Siy^a ■ ^(^) ~ ^} 

is a Borel set, and by Theorem 12.31 we have i^(Xo(j^, cr)) ~ 0. Since X C 
Eu^a U XqIv, ct), the set X is u-zero. 



Item (ii): There exists a Borel set X' ^ X such that v{X') = 0. Theorem 12.31 
gives /_,^, ^{x)da(x) — 0. This shows that ^{x) = for a-a.a. x G X' , and 
hence for cr-a.a. x ^ X. 

Item {Hi): Let X' e B with (t{X') = be given. Then also a{X' n X) = 0, and 
hence 



v{X 



'nX) = / ^{x)da{x)^G. 
Jx'nx da 



iX'nX 

□ 
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2.5 Corollary. Let v and a he positive measures on M. Let v = Vac + Vs md 

f = CTac + Cs he the Lehesgue decompositions of v with respect to a and of a with 
respect to v, respectively. Then, the following hold: 

ii) ^{x) e [0,^), a-a.e. 

[Hi) ^{x) e (0,cxd), Vac-o..e. and aac-a-C- 
= Vs-a.e. 

Proof. Item (i) is immediate from Theorem 12.31 (i), and item (ii) follows by 
exchanging the roles of v and a and remembering that the symmetric derivative 
is symmetric in v and a. For (iii), note that 

X := |x e M : ^(x) e (0,oo)|'' C £^^„ U Xo{iy,<7) L) X^{iy,a) . 

We have i'{£^^a-) — i^{Xo{i',a)) — 0, and a{Xoo{i^,o')) — 0. Thus the union of 
these sets is z^ac-zero. Exchanging the roles of v and a yields that X is also 
(Tac-zero. 

From (|2.4p . immediately, z^s(Xoo(i^, cr)*^) = 0. Hence, (iu) holds. Item (v) 
follows from (iv) again by exchanging the roles of v and a. Q 

2.6 Remark. One can also define a symmetric derivative of a complex measure 
v with respect to a positive measure a by using the same limit 

di^ iy{[x~e,x + e]) 

— [X) := hm— r- (2.5) 

da eio a{[x - e,x + e\) 

whenever it exists in C. However, satisfactory knowledge can only be obtained 
when V <^ a. In fact, the following holds: If v <^ a, then the limit (|2.5p exists 
a-a.e., and is a Radon- Nikodym derivative of v with respect to a. This follows 
since we can decompose v as v = (t'r,+ — t^r,-) + — i^i,-) with four positive 
and finite measures which are all absolutely continuous with respect to a. 

2. 7 Remark. Sometimes the following facts are useful. 

(i) Existence and value of the symmetric derivative are local properties in the 
sense that 

da^ ' ~ d{lx ■ a)^ ' 
whenever X is a Borel set which contains x in its interior. 

(ii) If / is a continuous and nonnegative function on M, then 

^:^{x) = f{x), xeR. 



11 



2.4 Boundary behavior of Cauchy integrals 

Let us recall the notion of Herglotz function^ In the present section our main 
focus lies on scalar valued functions. However, in view of our needs in Section 
3, let us provide the definition and the integral representation for matrix valued 
functions. 

2.8 Definition. A function M : C\R — > C"^" is called a (nxn-matrix valued) 
Herglotz function, if 

(i) M is analytic and satisfies M{z) = M{z)*, z G C \ M. 

(ii) For each z e C+, the matrix ImM(z) :— i(M(z) — M{z)*) is positive 
semidefinite. 

The following statement is known as the Herglotz- integral representation. For 
the scalar case, it goes back as far as to [Her 11. . For the matrix valued case see 
[GTOOi Theorem 5.4], where also an extensive list of references is provided. 

2.9 Theorem. Let M be a nx n-matrix valued Herglotz function. Then there 
exists a finite positive nxn-matrix valued measur^ il, a selfadjoint matrix a, 
and a positive semidefinite matrix b, such that 

f \ -\- TZ 

M{z) = a + bz+ — dn{x), zeC\R. (2.6) 

X — z 

Conversely, each function of this form is a Herglotz function. 

The data a, b, Q in the representation (|2.6p is uniguely determined by M . 
In fact, r2 can be recovered by the Stieltjes inversion formula, b from, the non- 
tangential asymptotics of M{z) towards -\-ioo, and a from the real part of M{i). 

In the literature this integral representation is often written in the form 

M(z) = a + bz+ I (— ^ ^ ^ )dn(x), zeC\R, (2.7) 

JrVx-z 1 + 0;"=/ 

where f2 is a positive measure with ^j^^ < oo- The measures in the repre- 
sentations (|2.6p and (|2.7p are related as f2 = (1 + a;^) • fi. 

In the present work we also consider the Cauchy-type integral in (|2.6p for 
complex (scalar valued) measures. 

2.10 Definition. Let i/ he a complex (scalar valued) measure. Then we denote 
by the Cauchy-type integral 

f \ -\- rz 

m^(z)-- —L du(^x), zeC\M. (2.8) 



Clearly, the function is analytic on C \ M. Moreover, note that for a real 
measure v it can be written as the difference of two Herglotz functions. 



^ Often also called Nevanlinna functions. 

^By a positive matrix valued measure we understand a measure which takes positive 
semidefinite matrices as values. 
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2.11 Remark. Here is the reason why we decided to write the Herglotz integral 
representation in the form (|2.6p rather than (|2.7p : For a positive measure 
the multiphcation (1 + x^) • O is always defined and is again a positive measure 
(for scalar measures this is immediate, for matrix- valued measures use that is 
mutually absolutely continuous with its trace measure p := trfi). Contrasting 
this, for a complex measure the multiplication (1 + x'^) ■ v cannot anymore be 
interpreted as a measure, but only as a distribution of order 0. Since we want 
to avoid using the machinery of distributions, we decided for the representation 

(EHl). 

For a finite positive measure the imaginary part of m^(z) is (as a Poisson 
integral) well-behaved and several explicit relations between v and the boundary 
behavior of Immi/(z) at the real line are known. In the present context, the 
following two pointwise relations play a role. The first one is standard, see, e.g., 
[Pea88[ §2.3]. Matching the literature is done using Remark 12.71 (m). 

2.12 Theorem { [Pea88| \ . Let v he a finite positive measure, and denote by X 
the Lebesgue measure. 

(i) Assume that j^{x) exists in [0, oo]. Then lmm^{z) has a normal boundary 
value at x, in fact, 

limlmr7iy(a:: + ie) = 7r(l + x^^ — ix) . 
e4.o d\ 

(ii) Conversely, assume that ImTO^(z) has a finite normal boundary value at 
X. Then ^{x) exists. 

Let us note explicitly that no conclusion is drawn if Imm^(z) has an infinite 
normal boundary value at x. 

The second result is in the same flavor, but may be less widely known. It is 
proved in |Kac63[ Lemma 1]. 

2.13 Theorem f [ Kac63j ). Let v be a real measure and a be a finite positive 
measure. Assume that ^{x) exists in M, and that ^{x) exists (possibly equal 
to oo) and is nonzero. Then 

lm.m,y(x + ie) dv , , 

hm — = — (cc) . 

eia hnm^[x + le) da 

The real part of a Cauchy integral is (as a singular integral) much harder to 
control than its imaginary part. We make use of the following two rather recent 
results, which deal with boundary values of Re 771,^(2), or even of mi^{z) itself. 

The first one says that the set of points x G K for which | Re {z) \ dominates 
ImTOi/(z) when z approaches x, is small. It has been shown in |Pol03[ Theorem 
2.6] for Cauchy integrals of measures on the unit circle. The half-plane version 
stated below follows using the standard fractional-linear transform. 

2.14 Theorem ( |Pol03] ) . Let v be a finite positive measure. Then the set of 
all points x G M for which there exists a continuous non-tangential path from 
C+ to x, such that 

|Rem^(z)| 
hm — -— = 00 , 

2t>2: Imm,y(z) 

is a v-zero set. 
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The second result on singular integrals says that for certain points j; G M the 
Radon-Nikodym derivative of two measures can be calculated from the boundary 
behavior of the respective Cauchy integrals. This fact is shown in |Pol94j for 
the disk, the half-plane version stated below is |Pol09[ Theorem 1.1] 

2.15 Theorem ( |Pol94| ) . Let v and a he finite positive measures, assume that 
1/ <C cr, and let Cs be the singular part of a with respect to the Lehesgue measure. 
Then: 

[i) For a -a. a. points a; G M the non-tangential limit lim """l^j exists in 
[0,oo). 

(m) For Us-a.a. points a: G M tiie have 

m^{z) dv 
z^x ^cr[z) da 

Together these two theorems imply a statement which is essential for our present 
purposes. 

2.16 Corollary. Let v and a he finite positive measures, and assume that v <^ 
a. Then for a-a.a. points x G M there exists a sequence {en}neN (which may 
depend on x ), such that e„ 4- and the limit 

'Rem,y{x + iSn) 
hm ■ — - 

n-i-oo lmmo-(.X + lEn) 

exists and is finite. 
Proof. Consider the sets 

p / ^TD) r \^em^{x + ie)\ i 

ti := < X e M. : hm — — = 00 ^ , 

L eio lmma[x + ie) J 

x G M : lim — — does not exist in C > . 

Then a{£i U£2) = 0. Let x G {£1 L)£2)'^, and choose a sequence Sj I such that 
the limit limj^oo fnZltlTei) ^^i^ts in R. Since 



z G C\] 



/ \ lmm^[z} J 

it follows that 

\ j^oo mcr{x + iSj) J V ' j^oo Immcr{x + iSj) 



Rem„(x + iej) ^ 

lim ) ^ = Rc 

j^oo Immalx + iSj) 



m^{x + i£4)\ f Re rrio-fa; + «£o) 
^ — ' ' 2 + hm ^ — 



□ 

We need the above stated facts in a slightly more general situation. Namely, for 
arbitrary Herglotz functions rather than Cauchy-type integrals. This is easy to 
deduce. 
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2.17 Corollary. The above statements [Ql [Ql [O^ [EIR (ii), and Wm 
remain true when the Cauchy-type integrals niy and are substituted by ar- 
bitrary scalar valued Herglotz functions having the measures v and a in their 
Herglotz integral representation. 

Proof. Throughout this proof, let to, to be Herglotz functions, and write m{z) = 
a + 5z + m,^{z) and rh{z) = d + bz + m„{z). 



The 



We have 



limlm (a + + «e)) = 0. a; G M . 

Hence the limit X\vii^^Q\vi\m(x + ie) exists if and only if linigj^o Im TOi, (x + ie) 
does. Moreover, if these limits exist, they coincide. 

Theorem \2.1S[ Since (a;) exists and is nonzero, we have 



Thus 



liamix + is) 
lim — — lim 

elo lmm[x + ie) eio 



lim Im Too- (x + ie) > . 

£4,0 



be 



ImTOy(a; + ie) 
Im m^r (x + ie) Im {x + ie) 



be 



ImTOo-(x + ie) 



Im m^{x + ie) 
io Im m^{x + ie) 



lim 



Theorem \2. 14\ The set of aU points x £M. with ^{x) £ (0, oo] is v-in\\. Hence, 
we may restrict all considerations to points x belonging to this set, and hence 
assume that lime^o ImTO^(x + ie) > 0. Now use the estimate 



ReTO^(z)| |a| + |6| • |z| |ReTO(z) 



lmmu{z) ImTO,y(z) 



< 



ImTO(z) 



b Im z \ 

< 

ImTO,y(z)/ 

ReTO^(2:)| 



< 



Immi,(z) ImTOi^(z) 



Theorem \2.15l (ii): For ag-a.a.. points a; G M we have ^{x) = oo, and hence 
lim^j^o Ini Too- (x + ie) = oo. Thus also lim^j^o I'maix + ie)\ = oo, and it follows 
that 



lim , ^ I — lim 

miz] 4, 

2 >X ^ ^ Z >X 



+ bz mu{z) 



m^iz) m„{z) 



bz\-^ 



m„{z) 



= lim 



TO^(z) 
ma{z) 



Corollary \2.16[ For cr-a.a. points a; G M we have ^(x) G (0,oo], and hence 
lim^^o Immo-(a; + ie) > 0. Thus also lim^io Im rh{x + ie) > 0, and it follows that 



lim 



Rc?7i(a:; + ie„ 
ImTO(a; + ie„ 



bx 



lim^ 



lim 



ReTOjy(a; + ie„) 



, Im TOo-(a; + ie„) n-s-oo Immcr(a: + ie„) 



□ 



Convention: When referring to one of the above statements ] 2. 121 \2.13[ \ET^ 
\2.15[ (ii). \2.1d[ we mean their general versions provided in Corollary \2. 17\ 
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3 Boundary relations 



Throughout the fonowing we use without further notice the language and theory 
of hnear relations. In particular, we will think of a linear operator T interchange- 
ably as a map or as a linear relation (i.e., identify the operator T with its graph). 
Notationally, we interchangeably write y = Tx or {x\ y) £ T. 

Our standard references for the theory of boundary triples are |DHMdS06] 
and the survey article |DHMdS09l . There also some basic notations and results 
about linear relations can be found. 

3.1 Boundary relations and Weyl families 

Boundary relations provide a general framework to study symmetric operators 
and their extensions. Let us recall their definition, see, e.g., [DHMdSOQ,, Defi- 
nition 3.1]. 

3.1 Definition. Let S* be a closed symmetric linear relation in a Hilbert space 
H, and let B be an auxiliary Hilbert space. A linear relation F C H'^ x is 
called a boundary relation for S* , if 

(BRl) The domain of V is contained in S* and is dense there. 

(BR2) For each two elements ((/; g); (a; P)), ((/'; g')] (a'; /?')) e T the ab- 
stract Green's identity 

{9J')h - {f,9')H ^ {P,a')B ~ {a,P')B 

holds. 

(BR3) The relation F is maximal with respect to the properties (BRl) and 
(BR2). 

If the auxiliary space B is finite-dimensional, the theory of boundary relations 
becomes significantly simpler. Since this is all we need in the present paper, we 
will in most cases assume that dimi? < oo. 

A central notion is the Weyl family associated with a boundary relation, cf. 
jDHMdSOQi Definition 3.4]. 

3.2 Definition. Let F C i/^ x i?^ be a boundary relation for S* . Then, for 
each z G C \ M, we define a linear relation M [z) as 

M{z):={{a-(3)(.B^ : 3 / £ i/ with ((/; z/); (a; /?)) G F} . 

This family of relations is called the Weyl family ofT. If mulM(z) = {0} for 
all z, one also refers to M as the Weyl function ofT. 

3.3 Definition. A family of boundary relations M{z) in the Hilbert space B 
is called a Nevanlinna family, if 

(i) for each z e C+, the relation M{z) is maximal dissipative; 

(a) M{zy = M{z), z e C \ R; 

(Hi) for some w G C+ the operator valued function z i— ^ {M{z) + w)~^ is 
holomorphic in C^. 
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The basic representation theorem for Weyl famihes reads as follows, see, e.g., 
[DHMdSOQl Theorem 3.6] or |DHMdS06l Theorem 3.9]. 

3.4 Theorem f [DHMdSOQ] ) ■ Let T C x B'^ be a boundary relation for S* , 
and let M be its Weyl family. Then M is a Nevanlinna family. Conversely, 
each Nevanlinna family can be represented as the Weyl family of a boundary 
relation for the adjoint of some symmetric linear relation S . Moreover, S can 
be chosen to be completely non- self adjoint (smxple). 

This representation theorem is accompanied by the following uniqueness result, 
see corresponding part in the proof of [DHMdSOGl Theorem 3.9]. 

3.5 Theorem ( |DHMdS06] ). Let Sj be closed symmetric simple linear relations 
in Hilbert spaces Hj , and Tj C x 5^ be boundary relations for S* , let Mj be 
their Weyl families, j = 1,2. If Mi = M2, then there exists a unitary operator 
U of Hi onto H2 such that 

r2 = {(([//; C/5); (a; /3)) : («;/3)) e Ti} . (3.1) 

Two boundary relations which are related as in (13. ip are called unitarily equiv- 
alent. 

The following properties, which a boundary relation may or may not possess, 
play a role in the present paper. 

3.6 Definition. Let T C x be a boundary relation for S*. 
(i) r is called of function type, if 

muirn ({0} X B) = {0}. 

(m) r is called a boundary function, if 

muir = {0} . 

It is an important fact that these properties reflect in properties of the Weyl 
family associated with F. For the following statement see, e.g., |DHMdS09l 
Proposition 3.7] and |DHMdS06l Lemma 4.1]. 

3.7 Theorem f |DHMdS06] ). Let dimS < 00 and T C x B'^ be a boundary 
relation for S* . Then 

(i) F is of function type, if and only ifnmlM{z) — {0}, z G C \ R. 

(m) If T is a boundary function, then M{z) is an invertible operator in B for 
every z G C \ R. 

Given a boundary relation F for S* which is of function type, we can single 
out a particular selfadjoint extension of S. Namely, let tti : i?^ — > i? be the 
projection onto the first component, and set 

A ker [tti o F] . (3.2) 

The fact that the relation A is selfadjoint, follows from |DHMdS09l Proposi- 
tion 3.16], since the auxiliary space B is finite-dimensional. 
For later use, let us mention the following facts which follow from |DHMdS09l 
Proposition 3.2]. 
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3. 8 Remark. Let dim B < oo and F C H'^ x i?^ be a boundary relation for S* . 
(i) The relation S has finite and equal defect indices n±{S). Moreover, 

dim B = n± (S) + dim mul F . 

(a) Assume that dimS = 1. Then either mulF = {0} and S has defect index 
(1, 1), or dim mul F = 1 and S is selfadjoint. 

(Hi) Assume that climi? = 1, mulF ^ {0} and that S is simple. Then either 
F = {Oy X ({0} X C) or F = {0}^ x {{w;mw),w e C},m e R, and the 
Weyl function is equal to to, a real constant^. 

Next, we recall four methods to construct new boundary relations from given 
ones. The first one is just taking orthogonal sums, the second is making a 
change of basis. Both are easy to verify (and common knowledge); we skip the 
details. 



3.9 Lemma. Let n G N, and let for each ^ G {1, 
F; C X Bf for S* be given. Define 



. ,n} a boundary relation 



nr. 

1=1 




(9i' 



\.9'V 



{{fi-gi)-{ai-l3i)) 6Fi, 1 = 1, 




1=1 1=1 



Then Yli=i -T; is a boundary relation for YTi=i ■ Weyl family is give 



n as 



1=1 




I 2 

{ai;(3i)eMiiz), 1 = 1, . . . ,n\ c(J[b^ . 



1=1 



The relation YVi=i^i of function type (a boundary function) if and only if all 
relations F; are. 

3.10 Lemma. Let F C x B^ be a boundary relation for S* of function type 
with Weyl function M . Moreover, let U : B ^ B be unitary, and define 



Ti 



{{f;g);{Ua;U/3)) : ((/; 5); (a; /?)) G f| C i/^ ^ ^2 



Then Fi is a boundary relation for S* which is of function type, and the Weyl 
function Mi is given as 

Mi{z) = UM{z)U-K 
The relation Fi is a boundary function, if and only if F is. 

The third construction shows how to realize the sum of two Weyl functions as 
a Weyl function, cf. |DHMdS091 Corollary 4.5]. 



^Thc case that mulF = {0} X C informally corresponds to the "Weyl function" m = 00 
(formally to the Weyl family rri = {0} X C). 
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3.11 Theorem f [DHMdSOQ] 1 . Assume that dimS < oo. For j = 1,2, let 
Tj C Hj X be boundary relations for S* of function type with corresponding 
Weyl functions Mj . Define 



r := 



((/,;g,);(a;/3,)) e r„j = 1,2| C (i/ixi/s)' x B^ 



an 



d 



S-=<{ d'] ; (^^) ]■■ ^13 eB with 



f2j ' V52 

((/i;(7i);(0;/3)) G Ti, ((/s; .92); (0; -/?)) G Tsj C (i/ixi/a)'. 

T/ien S is a closed symmetric relation in H1XH2, and T is a boundary relation 
for S* . The relation T is of function type, and its Weyl function is given as 

M(z) = Mi(z) + M2(z). 

With the fourth procedure we construct a new boundary relation via a fractional 
linear transform. A proof can be found in |DHMdS09l Proposition 3.11]. Before 
we can formulate this, let us introduce one more notation. We denote by Jc" 
the 2n x 2n- matrix 

/c" 
-/c" ^ 

Then Jc" defines a non-degenerated inner product on C^" . Let w be a 2n x 2n- 
matrix. Then w is Jc"-unitary (i.e., unitary with respect to the inner product 
induced by Jc") if and only if 

w* Jc^w = Jc" . (3.3) 

3.12 Theorem ( |DHMdS09) ). Let T C H'^ x (C")^ be a boundary relation 
for S* . Let w be a Jc^ -unitary 2n x 2n-matrix, and write w in block form as 
w = {'Wij)f with nxn-blocks Wij , i,j — 1,2. Then the composition 

Ti w o r = I ((/; g); {wna + W12P; ^21" + ^22^)) : ((/; 9); (a; /3)) e r| . 
is a boundary relation for S* , and its Weyl family Mi{z) is given as 
Mi{z) ^ {{wiia + wi2l3;w2ia + W22P) ■■ {a;P) e M{z)}, z<eC\R. (3.4) 



3.2 The Titchmarsh-Kodaira formula 

Let F be a boundary relation of function type, and let A be the selfadjoint 
relation p.2p . Then the data a,b,fl in the integral representation (|2.6p of the 
Weyl function M associated with F can be used to construct a functional model 
for A = ker[7ri o F] acting as the multiplication operator in an L^-space (to be 
exact, the relational analogue of the multiplication operator). For a Schrodinger 
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operator on the half hne (meaning hmit-circle on one end and hmit-point on the 
other) or on the whole line (limit-point at both ends) this is a classical fact. In 
the first case (where the spectral measure is scalar) this goes back to the initial 
considerations of H.Weyl, cf. |WeylO| , in the second case (where the spectral 
measure is 2 x 2-matrix valued) to the independent works of E.C.Titchmarsh 
and K.Kodaira, cf. |Tit62j and (Kod49]. See also [DS63, XII.S.Theorems 13 and 
14], where differential expressions of arbitrary order are studied. 

In the present context this functional model plays an important role, since it 
allows us to compute the spectral multiplicity function by computing the rank 
of a certain matrix; the precise statement being Proposition 13. 151 below. 

First, let us recall the appropriate notion of a "multiplication operator" . 
Let Q ~ (^ij)"j=i be a positive nxn-matrix valued measure, and denote by 
p the (scalar) trace-measure p := jy^^i^a- Since, for each Borel set A, the 
matrix n{A) is positive semidefinite, we have |f7y(A)| < y/ilii{A)njj{A), i,j = 
l,...,n, and this yields that D, ^ p. Hence, the Radon-Nikodym derivative 
DpQ — {Dp^lij)^^^i is well-defined and p-a.e. positive. 

Consider now the set of all p-a.e. finite functions / : M C", such that each 
component is p-measurable and such that 

/ {f{x),Dpn{x)f{x)) dp{x)<^. 

The space L2[^) is the space of equivalence classes of such functions under the 
equivalence relation 

/ ^ g if and only if / {f{x)-g{x),Dpn{x){!{x)-g{x)))^^dp{x)^Q. 

JR 

When endowed with the inner produclQ 

/ {fix),Dpnix)g{x)) dp{x), f,geL\n), 
Jr 

this space becomes a Hilbert space. The operator of multiplication At by 
the independent variable t in this space is selfadjoint, see [KacSOj or |DS631 
XIII.S.Theorem 10]. 

Moreover, for a positive semidefinite nxn-matrix b, denote by Gb the space 
ran b endowed with the inner product defined as 

{bx,by)G^ := {bx,y)c^, x,y(EC. 

3.13 Definition. Let ft he a. positive rt x n-matrix valued measure, and let b 
be a positive semidefinite n x n-matrix. Then we set 

Hn^b ■■= © Gh, An^b := At ® ({0} x Gb) ■ 

Clearly, H^ b is a Hilbert space and is a selfadjoint linear relation in H^ b- 
Let us now provide the afore mentioned functional model for A — ker[7ri oF]. 
The essence of this result is the model constructed in [DM951 Proposition 5.2], 
and it is easily deduced from this. 

^The right-hand side of this formula does not depend on the choice of the representative 
of the equivalence class; as usual we slightly abuse notation. 
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3.14 Proposition. Let T C x C^" be a boundary relation of function type 
with Weyl function M , let a, b, Q be the data in the integral representation (|2.6p 
of M , and set Cl := {1 + t^) ■ Vl. Then the selfadjoint relation A := ker[7r o T] is 
unitarily equivalent to the relation j^. 

Proof. The following facts are well-known (for an explicit proof see, e.g., |Beh09[ 
Proof of Theorem 3.2]): The kernel of IniM(z) for z € C \ M is independent 
of z. Denote its codimension by ng. There exists a constant unitary matrix U 
such that kerlmM(i) = {0} ® C"""" and C/-i(M(z) - a)U = Mo{z) © 
(the block form with respect to the decomposition C" = C"° ffi C""""). At the 
same time U~^nU = fio © 0, U~^bU = 6o ® and 

Mo{z) = bQZ+ [ (— d^oix) 

is the Herglotz-integral representation for the function Mq. The latter is such 
that ImMo(z) is invcrtible for each z g C\]R. We apply (DM951 Proposition 5.2] 
to obtain a functional model for Mq: The relation 

S \{f{t) © 0; tf{t) © y) e H? : / dn„{t)f{t) +y = 

is closed symmetric and simple, its adjoint is given by 

S* := l^{f{t)®x;g{t)®y)eHl^ ,^^: 3h e C"" : g{t) ^ tf{t) ^ -h,x ^ b^h 

Obviously, the element h in this formula is uniquely determined by the element 
{f{t) © x; g{t) © y) of S* . Hence, we may define 



To{{f{t)®x-g{t)®y)) ■.=h, 

Mifit) © x; git) © y)) + dOo(t)MiL±^ . 
Then it follows from |DM95j that the relation 

f := I ((/ W © 9{t) © y) ; (ro(/(i) © x; g{t) © y); Ti{f{t) © x; git) © y))) 

{f{t)®x;g{t)®y) e S 



is a boundary function for S*. The Weyl function of f is equal to Mq, and 
kerPo = ^oo.bo- Obviously := f © ({0}^ x {(w; 0), m; G is a boundary 

relation of function type for S* with the Weyl function Mq © and ker[7ri o 
^u] = Alo.bo- Next, f := {{{f-g)-{Ua-UP)) : ((/; 5); («; £ r^,} is another 
boundary relation of function type for S* with the Weyl function M — a and 
ker[7ri o F] = A^ . Finally, the selfadjoint constant a is the Weyl function of 
the boundary relation {0}^ x {{w]aw),w £ C"} acting in {0}^ x C^". Using 
Theorem l3.11l we obtain a boundary relation F having AI as its Weyl function. 
Explicitly computing F shows that the relation ker[7ri oF] coincides with A^^ 
Uniqueness part of Theorem 13.51 ensures that ker[7ri oF] is unitary equivalent to 
ker[7ri o F] = A^^ Obviously, the relation A^^^ can be identified with the 
relation Aj^^^o.boffiO = ^u-^w,u-nu^ '^hich is unitarily equivalent to A^j^. □ 
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Now we come to the promised way to compute the spectral multiphcity function. 
For the case "n = 2" this fact is proved and used in f Kac62| . see also |Gil98) . It 
is of course not hard to believe that it holds for arbitrary n > 2, however, we 
are not aware of an explicit reference, and therefore provide a complete proof. 

3.15 Proposition. Let T C x be a boundary relation of function type. 
Denote by M its Weyl function, and set A := ker[7ri o F] . Let a, b, Q be the data 
in the integral representation (|2.6|) of M , let p be the trace measure of f2, and 
let (jj be the symmetric derivative 

u:^-. (3.5) 

Then (Na is the spectral multiplicity function of A) 

Na — rankcj, p-a.e. (3-6) 

Proof. From the readily established by ProDOsition l3.l41 unitary equivalence, we 
see that it is enough to compute the spectral multiplicity function of the multi- 
plication operator At in the space L^(f7). To do this, the idea is to construct a 
measurable (p-measurable, or Borel measurable on a compliment of some Borel 
p-zero set) diagonalization of uj{x). Once this is done, it is easy to give a unitar- 
ily equivalent form of A (and a particular generating basis) from which Na{x) 
can be read off. The essential tool in the proof is Hammersley's theorem on the 
measurability of the zeros of a random polynomial, cf. |Ham56[ Theorem 4.ljf|. 

By Hammersley's theorem there exist measurable functions fi, . . . such 
that 

n 

det[oj{x)-t] ={-lTY[{t-£.j{x)), xeR. 

Since a;(a;) is nonnegative, we have ^j{x) > 0, = 1, . . . , n. By pointwise rear- 
ranging (which can be done in a measurable way) we can redefine the functions 
, such that in addition 

0<Ux)< 6i-i(a;) < • • • < 6(a;), xeM. 

What follows is basic linear algebra. For j,k e {1, . . . , n} and {ii, . . . , ik} C 
{1, . . . ii < • • • < ik, set 

M^t.,^. := e I» : rank [uj{x) - i,{x)] = k, 

det {w,,,^{x) - ^jix)Si,,„^)'^^^^-^ =^ o| . 

The determinant of a matrix is a polynomial of the entries, and hence is mea- 
surable. The rank of a matrix depends, as the maximal order of an invertible 
square minor, measurably on the entries of the matrix. It follows that M/^''^ 
is a Borel set. Also the set 

M^'° := {x e R : uj{x) = ^j{x)} 



*See also iBRS86l Theorem 2.2], where a short proof based on von Neumann's measurable 
selection theorem is given. 
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is a Borel set. 

Let j G {1, . . . , n} be fixed. For each x G M^^'' the submatrix {w^i^ (x) — 
5j(x)(5i,i^)f j^^j^ of [a;(a;) — Cil^^)] is invertible. Applying Cramer's rule, we find 
a basis of the eigenspace ker[a;(a;) — which depends measurably on a; G 

M/^'*^ . Applying the Gram-Schmidt orthogonalization procedure, we obtain 
an orthonormal basis which also depends measurably on a: G . For 

X G Mg'^ the canonical basis of C" is an orthonormal basis of ker[a;(a;) — ^j{x)]. 

Clearly, for each j, the sets M/^'*^ j^, fc G {0, . . . , n}, {ii, . . . , ik} C {1, . . . , n} 
together cover the whole line. Hence, we can produce a disjoint covering of R 
with each set of the covering being a Borel subset of some intersection 

n 

By the above paragraph, we can thus find a measurable orthonormal basis in 
C" which consists of eigenvectors of w. The corresponding basis transform U (x) 
is a measurable function and diagonalizes uj{x): 

U{x)-^u}{x)U{x) = D{x) 

with 

/ei(^) 

D{x):^ 

The map / M> U^^f is an isometric isomorphism of L'^{il) onto L^{D ■ p), and 
establishes a unitary equivalence between the respective multiplication opera- 
tors. One can regard ■ p as vi from (12. ip . so D^^vi{x) — £,i{x). Therefore the 
spectral multiplicity function computes as 

#{/ G {1, . . . , n} : ^i{x) > 0} = rankL»(a;) = ranktj(x) . 

□ 



3.3 Pasting of boundary relations with standard interface 
conditions 



Let n > 2, and let for each I G {1, . 

pace h 
Moreover, denote 



. , n} a closed symmetric relation Si in 



a Hilbert space Hi and a boundary relation F; C x for Si be given. 



Ai := ker [m o F,] . (3.7) 
Consider the Hilbert space H IliLi^'' ^^"^ linear relation 5 := Hi'Li 'S'; 
acting in this space, and the orthogonal sum F = YVi=i cf- Lemma 13.91 

Now we define another boundary relation F by using in Theorem 13.121 the 



Jc" -unitary matrix w = (wy )!^^]^ whose blocks Wij are given as 



Wii 



/-I 








-1 






1\ 



1 

0/ 



Wi2 



/o 












1/ 



(3.8) 
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/O •• 
•• 



\ 





/-I 

-1 



■■='■■■■, '■ '■ , ■= \ \ ■•. ; ; ■ (3.9) 

■•• ••• -1 

yo ■•• -1/ \0 ••• 0/ 

A straightforward coniputation shows that this matrix w indeed satisfies p.3p 
Exphcitly, the relation T is given as 



0\ 




r w o r = 




-aji-i + a„ 



( \ 

V -"n ) 



er,, Z = l,...,n . (3.10) 



3.16 Definition. Let n > 2, and let for each I E {1, . . . , n} a closed symmetric 



relation Si in a Hilbert space Hi and a boundary relation F/ C i/j x 
be given. Assume that 



for sr 



(Hypl) Each relation Si is simple. 

(Hyp2) Each boundary relation F; is of function type. 

(Hyp3) There exists I e {1, . . . , n}, such that F; is a boundary function. 

Obviously, the relation F depends on the order in which the relations 
ri,r2,...,F„ are taken, but the selfadjoint relation A :— ker[7ri o F] does not. 
Thus we call A the relation constructed by pasting the family {F; : I — 1, ... ,n}, 
with standard interface conditions. 

The hypothesis (Hypl) ensures that knowledge about the spectrum of A can 
be deduced from the associated Weyl family (in fact, the Weyl function, see 
below). The hypotheses (Hyp2), (HypS), are required in order to avoid trivial 
cases (remember Remark l3.8l) . 

To justify our choice of terminology, let us return to our model example. 

3.17 Example. Let a Schrodinger operator on a star-shaped graph be given by 
the data (l)-(3). Let Si be the minimal operator on the l-th edge, i.e. 

dom5; := |it G i^(0, e;) : u,u' absolutely continuous, 
- u" + qiu e ^2(0, ei), 

u{0) = u'{0) = 0, M satisfies b.c. at e;, if present| . 

Siu :— ~u" + qiu, u £ domSj . 
Moreover, define 



Ti {((m;i;);(u(0);m'(0)) : {u-v)eS^] 
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Then Fj is a boundary relation for S'j*. The selfadjoint extension Ai = ker[7rior;] 
is just the Schrodinger operator given by the potential qi with Dirichlet boundary 
conditions at 0. 

Now consider the boundary relation F defined by (I3.10p . The operator A :— 
ker[7ri oF], is nothing but the operator defined by (|l.f p . (|1.2p . using the standard 
interface condition (|1.3p . 

In order to understand the spectrum of a pasting with standard interface con- 
ditions, we will analyze the Weyl function of the boundary relation F. Using 
Theorem 13.121 this Weyl function can be computed explicitly in terms of the 
Weyl functions of the boundary relations F;. 

3.18 Proposition. Let F; be as in Definition lS. 16[ and let F be the boundary 
relation given by (j3.10p . Denote by mi the Weyl function ofTi, and set m :— 
SlLi'^i- Then we have mulF n ({0} x C") = {0}, and the Weyl function M 
of F is given as 

/ miim — mi) 

1 



M = 



-77117712 



— 777,27771 
7772(777-7772) 



-777,, 
-777,, 



_l777l 



-7771 \ 
-7772 



V 



-777l77l„„l 
— 7771 



-TO2777„_l 
-7772 



?77„_l(777 - 777„_l) 



-nin-i 

-1 



(3.11) 

Proof. Consider an element of mulF n ({0} x C"). By the definition of F there 
exist {ai;j3i) G mulF;, Z = 1, . . . , 77, such that this element is equal to 



/ -ai -I- a„ \ / -/3i \ 



-Pn-l 
-Ctn 



M /-/3i\ 



-an-i + an 
V/3i + • • • + 

By (Hyp3), there exists an index Iq with ai„ 





A. 



V -"n J 

0. Now it follows that 
ai — for all I, and (Hyp2) implies that also Pi = for all This shows that 
mulFn ({0} X C") {0}. 

The Weyl function of the boundary relation F is 

/7771 • • • \ 
7772 ••• 



M = 



Vo 



Computation gives: 







Wll + W12M — 





\777l 



-1 1 
• 777„_l 777„/ 



W2I + W22M 



/mi 




\ 

-777„_l 

-1/ 
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and 

n 

det {wii + W12M) ^ (-1)"-^ ^ mi . 

1=1 

Since there exists at least one index I such that mi is not a real constant, this 
determinant does not vanish throughout C \ JR. 

Next, let M be the matrix defined by p.lip . It is easy to check that M 
satisfies M(wii + W12M) = W21 + W22M, and this implies that 

M = (W21 + W22M)(W11 + Wi2M)"^ . 

Theorem 13 . 1 21 now yields that M is indeed the Weyl function of T. □ 
3.4 The point spectrum 

It is elementary to locate the point spectrum of a pasting. 

3.19 Theorem. Let n > 2, and let for each I e {1, . . . , n} a closed symmetric 
relation Si in a Hilbert space Hi and a boundary relation Ti C Hf x for Si be 
given. Assume that these data are subject to (Hypl)-(Hyp3), and consider the 
selfadjoint operator A constructed by pasting {Ti : I — 1, ... ,n} with standard 
interface conditions. 

Letx G M. Then x G <Jp{A) if and only if one of the following two alternatives 
takes place. 

(I/II) The point x belongs to at least two of the point spectra ap{Ai). In this case 
its multiplicity Na of an eigenvalue is equal to 

Na{x) = #{? G {1, . . . , n} : a; G <jMi)] - 1 

= #{Z G {1, . . . , n} : limelmmi(a; + ie) > 0} — 1 . 

(Ill) The limits mi{x) :— \ivi\^\^Q m,i{x + is) all exist, are real, we have 

limg^o 7j (™i (2^ + ~ ^ [0,00), and — 0- I'^'i-^ 

case x is a simple eigenvalue. 

First we prove a technical statement which is an immediate consequence of 
(Hypl), (Hyp2). 

3.20 Lemma. Let S be a closed symmetric simple relation in a Hilbert space 
H, let r C H^ X be a boundary relation for S* of function type. Set A :— 
ker[7ri o F] . 

(i) For each (/; g) d A there exists unique /3 G C such that ((/; g); (0; /?)) G F. 

(m) Let T : A ^ C be defined as T(/; g) — (3 where ((/; g); (0; /?)) G F, and let 
a: G M. Then the restriction of T to the set {{f;xf) : / G ker(yl — x)} is 
injective. 

(iii) Let x G K. and a G C \ {0}. Then there exists at most one element of the 
form {{f',xf); (a; /?)) which belongs to F. 
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Proof. Existence of /3 is the definition of A. Uniqueness follows since mulF fl 
({0} X C) = {0}. This shows (i) and that the map T in {ii) is well-defined. 
Since T is minimal, S is completely non-selfadjoint. We clearly have ker T C S, 
and hence ker T n {(/; xf) : / G ker(A — x)} = {0}. This shows (m). 

To show (iii), assume that ((/; xf); {a; (3)), ((/'; xf); (a; /?')) G F and that 
f f- Without loss of generality assume that f ^ 0- By minimality of F this 
implies that (remember Remark [ 




muir = {0}, dimS'7S' = 2, dim A/; < 1, a; G M . 

Let A be such that /' = A/, then ((0; 0); ((A - l)a; X/3 - /?')) e F. Since A / 1 
and a 7^ 0, we obtain mulF ^ {0} a contradiction. We conclude that / = /'. 
Since mulF n ({0} x C) = {0}, it follows that also l3 = (3' . □ 

Proof of Theorem \3.19l 

Step 1; A preliminary observation: In this step, we show that 



eA =^ 3!a,A : ((/,; 5/); (a; A)) e 



Moreover, for these numbers it holds that /?i + + = 0. 

By the definition of A and F, cf. (|3.10p . there exist ai, . . . , a„ and /3i, . . . , /3„ 
such that 

{{fi;gi); S F/, -ai + a„ = • • • = -a„-i + = /3i H h /?„ = . 

This proves the existence part (set a :— ai). For imiqueness, assume that a' 
and /?(,..., are such that {{fi;gi); {a'; G F;. By (Hyp3) there exists an 
index G {Ij • ■ • i"-} with mulFj^ = {0}. It follows that a' = a and /3;'^ = fSig. 
Due to (IIyp2) it follows that for all indices /?; — Pi. 

Step 2; Two examples of eigenvectors: Let a; G M. First, consider the space 
: \ el[keY{Ai-x): J2^i{fi;xfi)^0\. 



Since each map T/ is injective, we have 
dim Cr = 



, if for every I ker(A/ ~ x) — {0}, 

dimker(A/ — x) — 1 , if for some I ker{Ai — x) ^ {0}. 



It is clear that C ker(^ — x). 

Second, assume that there exist elements /; G ker(5j* — x) and /3; G C such 
that {{fi;xfi); (1; /3/)) G F, and A + • • ■ + = 0. Then, clearly, (/i, . . . , /„) G 
ker(A — x). 

Step 3; Determining the eigenspace: Let x G M and (/i,...,/„) G ker(y4 — 
x) \ {0} be given, and let a and f3i,...,l3n be the unique numbers with 
{{fi;xfi); {a; Pi)) G F/, ^ = 1, . . . , n. We distinguish the two cases that a — Q 
and a 7^ 0. 
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Assume that a — 0. Then /; G ker(y4/ — x) and /?/ = Ti{fi;xfi). Hence, m 
this case, (/i, . . . , /„) e C^- 

Assume that a ^ 0. Clearly, /; G J\fi,x for all L Moreover, whenever mulFj — 
{0}, we must have /; 7^ 0. Let us show that 

ker(A; - x) = {0}, / = l,...,n. 

If // = 0, then mulT; ^ {0}, and hence Hi = {0}. U fi ^ and ker(A; - x) 7^ 
{0}, then /i G ker(yli — x) since dimA/j^x < 1. Thus there exists with 
((//; 2^/0; (0; ^ T;, and it follows that mulF/ 7^ {0}. This contradicts the 
fact that // / 0. 

Next we show (still assuming a ^ 0) that 

ker(yl -x) = span {(/i, . . . , /„)} ■ 

Let g = [gi, . . . , (?„) G ker(A — a;) \ {0} be given, and let a' and /3[, . . . , P'^ be 
the unique numbers with ((5/; xi?/); (a'; G F;, Z = If a' = 0, we 

would have ker{Ai —x)j^ {0} for at least one index I. This contradicts what we 
showed in the previous paragraph, and we conclude that a' ^ 0. Set X := 
Then {{Xfi;xXfi);{a';Xl3i)) G F;, and it follows from Lemma [3.201 {in), that 
91 = \fi- 

Putting together these facts with what we showed in Step 2, we obtain that 
for each real point x one of the following three alternatives holds: 

(i) ker(A - x) ^ {0}. 

[ii) There exist at least two indices I with ker(Ai — x) ^ {0}. 

{in) We have ker(yli — a;) = {0}, / = !,...,«, and Mix ^ {0} whenever mul F; = 
{0}. 

If the alternative {ii) takes place, then ker(A — x) = Lx- If {Hi) takes place, 
then dimker(A — x) = \. 

Step 4; Asymptotics of mi: The characterizations stated in the theorem now 
follow from standard Weyl function theory. First, a point x G M is an eigenvalue 
of Ai if and only 

lim e Im mi {x + ie) > . 

Next, assume that mulF; — {0}. Then we have Afi^x \ kei{Ai — x) 7^ if and 
only if 

mi{x) :— limmi(x + ie) G M, lim — {mAx + ie) — mAx)) G (0, 00) . 
£4.0 £4.0 ie 

If mulF; ^ {0}, then mi is identically equal to a real constant, and hence 
trivially \iuYi;]^Qmi{x + ie) exists in R and lim^io j^{j^i{^ + ~ ^i{x)) = 0. 
Conversely, if these two relations hold, the function mi must be a real constant. 

Finally, we need to relate the limit mi{x) with the boundary relation F/ 
under the assumption that this limit at all exists, and that limg^o j^{^i{x + 
ie) — mi{x)) G [0, 00). For e > 0, let fi^^ and (3i^e be the unique elements with 

{{fiy,{x + ie)fi^,);{l;Pi,,)) G F; . 
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Then, by the definition of mi, we have mi{x + ie) — Pi^g. The abstract Green's 
identity gives 

£||/;,ef =Imm;(a; + je), 

and hence remains bounded when e approaches 0. Let /; be the weak 

hmit of for e 4- 0. Since Ti is a closed hnear relation, it is weakly closed, and 
we obtain 

{{fv,xfi)-{l-mi{x))) eTz. 
This finishes the proof. Q 



4 Computation of rank for singular spectrum 

The following theorem is our main result, and this section is entirely devoted 
to its proof. Concerning terminology for boundary relations, remember Defini- 
tion [Hill 

4.1 Theorem. Let n > 2, and let for each I G {1, . . . ,n} a closed symmetric 
simple relation Si in a Hilbert space Hi and a boundary relation Vi C Hf x 
for Si he given. Assume that each T j is of function type, and that at least 
one Ti is a boundary function. Let fii be the measure in the Herglotz-integral 
representation of the Weyl function ofTi, set jjb := '^^^l^J^l, and let be the 
singular part of with respect to the Lebesgue measure. 

Consider the selfadjoint operator A constructed by pasting {Ti : I = 1, . . . ,n} 
with standard interface conditions. Denote by E the projection valued spectral 
measure of A, let Eg be its singular part with respect to the Lebesgue measure, 
and let Ea,ac o,nd E^^s be the absolutely continuous and singular parts of Es with 
respect to fj,. Moreover, let Na be the spectral multiplicity function of A and 

r{x) ■.= #{le {!,..., n}: D^fii{x) > O} . 

Then the following hold: 

(I) Es.ac ~ lx>i ■ Ms where X>i := r"^({2, ...,n}) . 

(II) Na{x) ~ r{x) — 1 for Eg ^c-O'-O,- points a; G M. 

(Ill) Na{x) = 1 for Es.s-a-o.- points a; G M. 

4-. 2 Remark. We may assume without loss of generality that all boundary rela- 
tions Ti with possible exception of r„ are boundary functions: First, reordering 
the boundary relations F/ obviously does not change the relation A. Second, it is 
easy to see that the pasting with standard interface conditions of a collection as 
given in the theorem is always unitary equivalent to the pasting with standard 
interface conditions of a collection with at most one boundary relation being 
a proper relation (take instead of k pure relations {{{Q;Q);{w; I3iw)),w G C}, 
I = h, ...,lk, one relation {((0;0); (w;I]j=i PijW)),w G C}). 
Let us recall some notation: The Weyl functions of the boundary relations F/ 
are denoted as mi, and we set m := X]/Li ™/- The boundary relation F is as in 
[3T01 and we denote by M[z) = {M,j{z))lj^;^ its Weyl function. Exphcitly, the 
function M is given by (I3.11|) . Let fl = {^ij)2j=i be the n x n-matrix valued 
measure in the Herglotz-integral representation (j2.8p of M, let p be the trace 
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measure p := trJl, and let uj — be the symmetric derivative of £7 with 

respect to p, i.e. 

—^{x), i,j ^l,...,n, 

whenever these derivatives exist. 

Moreover, remember 13.151 which says that the actual task is to compute 
rank a; (x). 

Stage 1: /x-singular part. 

In this part, we prove the following statement. 

4.3 Proposition. // the set X is p-zero, then for p-a.a. points x ^ X the 
symmetric derivative uj(x) exists and ranka;(a:;) = 1. 

The proof is split into two parts. First, the case when the right lower entry M„„ 
of M dominates. 

4.4 Lemma. Let a; € M, and assume that 
(i) The symmetric derivative uj{x) exists. 

(Hi) iOnn{x) > 0. 

Then the limits mi{x) := limmi(a; + ie), I = 1, . . . ,n, exist, are real, and 

m(x) := Van m(x + ie) = . 

The rank of the matrix uj(x) is equal to one. 
Proof. 

Step 1. Existence of limits. The present hypotheses imply that 

d^nn / \ d^fin , . dp , . t , -,\ 

J^(x) = f^(x).-^(.) = ^. (4.2) 

Applying Theorem 12.121 with flnn gives lim^j^o Ini -^'^nn (2; + is) ~ 00. However, 
= and we thus have 



lim 



Im 



m{x + ie) 



In particular, lim^j^o mix + ie) = 0. Since Imm; is nonnegative throughout the 
upper half-plane, this implies that also limgio Imm;(a; + ie) = 0, I = 1, . . . , n. 

In order to capture behavior of real parts, we apply Theorem 12.131 with the 
measures ilij and r2„„. This gives 

Im Mij {x + ie) cuij (x) 



lim -r , , / s — , ^ 

eiO Im Mnn [X + le) Unn {X ) 
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Let I G {1, . . . ,n — 1}. For each z G C+, we have 



m{z) 



(4.3) 



and 



Im mi{z) Re 



1 



m{z) 



< ImTO;(z) 



1 



^ Im m;(z) ^ ^ 



Hence, the hmit of Rem; exists, in fact, 

hm Re m; {x + ie) = 



m{z) Imm{z) 



sio " ' a;„„(x) 
Since we aheady know that imaginary parts tend to zero, thus 

w/„(a;) 



hm mi (x-Vie) , , . 



Z = 1, . . . , n — 1. 



-\n— 1 u^inix) 



Since m tends to zero, it follows that lime4,o f^n^x -\-ie) = — uin„{x) • 

Siep 2. Computing rank. Let Z e {l,...,n — 1}. For each ^ e C+, we have 

mi(2:)[m(z) - mi{z)] 



1 1 ■ i M;; (^;) = Im - 



m{z) 



= Im — (mi(^)[m(2;) - m;(2;)]) + 
m{z) ^ ' 



Im (mi(z)[m(z) - mi{z)]) , 



(4.4) 



+ Re 



m{z) 



and 



Re 



m(2) 



Im {mi{z)[m{z)-mi{z)]) 



< 



Re — ^ • Im m; (2:) • Re (rn{z) —mi{z)) 



+ 



+ 



Re 



m{z) 



< 



Re- 



m{z) 



Remi{z) • Im (rn{z) — mi{z)) 

n 

■ Im m(2) • I Re rrij {z) \ < 



< 



< 



Imm(z) 
\m{z)\ 



^|Rem,-(2)|<5^|Rem,(2)|. 



Since rnj(a; + ie) approaches a real limit when £ J, 0, and to(x + ie) tends to 
zero, and | Im ^(^"'^^g) | tends to infinity, we obtain (the "o(l)" understands for 
e^O) 



Im Mil {x + ie) = — Im 



m{x + ie) 



■{m1{x)+o{l)), / = l,...,n-l. 
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Arguing analogously, we obtain 

Im Mik {x + ie) = - Im — • (m; {x)mk (a;) + o(l)) , 
m(x + le) 

I, k — 1^ . . . ,n — 1, I ^ k , 

Im Min{x + ie) = — Im — • (mi{x) +o(l)), / — — 1. 

m(x + ie) 

Therefore 



n-l 



ImtrM(a; + i£) = - Im — — [l + ^mf(2;) +o(l) 

and hence, referring again to Theorem 12.131 

Ijj{x) — 



1+ E mf{x) 



1=1 

/ ml{x) m2{x)'mi{x) ■•■ m„_i(x)mi(a:) mi (a;) \ 

mi{x)'m2{x) JTiKa;) ••• mn-i{x)m2{x) m2(x) 

mi(x)m„_i(a;) m2{x)mn-i{x) ••• m^_i(a;) m„_i(a-) 
V mi(a;) m2(a;) ••• m„_i(a;) 1 

Obviously, the rank of this matrix is 1 . □ 

Second, the case that the right lower entry of M does not dominate. In this 
case, a more refined argument is necessary. First, two technical observations. 



4.5 Lemma. Let D C C be a connected set with x E D. Moreover, let f,g : 

m 

ait) 



D — )■ C+ he continuous Junctions, //limf^j, ^-j^l = —1, then 



lraf(t) , Img(t) , , 

lim tHttt = lim ^ { = . (4.5 

t^xRef{t) t^xReg{t) ^ ' 

Proof. For z G C^, let argz denote the branch of the argument of z in [0,7r]. 
Then arg/ and argy are continuous functions. We have 

lim [arg/(i) — argg(t)] = tt mod 27r , 

and hence either 

lim arg/(t) = tt and lim aigg[t) — , 

or 

lim arg/(t) = and lim arg(7(t) = tt . 

In both cases, (|4.5p follows. □ 

4.6 Lemma. Lei a S K, and let {/j}jeN a'l'^ {SjljeN &e sequences of complex 
numbers. Assume that 
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(i) For each j € N we have Imgj ^ 0. 



(a) lim — = a. 



Then lim 

Proof. Let e > 0. Then, for sufBciently large indices j, we have 



9j 



< e. 



This implies that | Im/j — almgjl < |/j — agj | < £\gj\, and hence 



Im /j 



< S-. 



1*1 



Im 



9j\ 



Due to our assumption (Hi), the right-hand side of this estimate can be made 



□ 



arbitrarily small for large indices j. 
Now we are ready to settle the case that M„„ does not dominate. 
4.7 Lemma. Let a; G M, and assume that 
(i) The symmetric derivative uj{x) exists. 

(") If (^) = 

(Hi) iOnn{x) = 0. 

(v) There exists no k e |1, . . . , wiit/i lim \^'^^'^i'k(x+ie)\ _ 
Then the rank of the matrix uj{x) is equal to one. 

Proof. Since Wnn{x) = 0, there exists an index k S {l,...,n — 1} such that 
i^kk{x) > 0. From this, the condition (ii), and Theorem l2.13l it follows that 

1™ 7 — TTTT — = Wfcfc(x) > 0. (4.6) 
6io Imti M{x + le) 

Throughout the proof we fix an index k with this property. 
Step 1: In this step we deduce that 

lim "^(" + '"\ =0. (4.7) 
eio mk{x + ie) 

By Theorem l2.13l the present hypotheses {iv) and {ii) imply that 

\mmix -\- ie) 
lim -— r- = . 

eio ImtrM (x + le) 
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Therefore, using (I4.6p . one has hmjm ^!f^J^T'"^tt^}^■\ = 0. We compute 

mk{m ~ TTik) Im[mfe(m — TOfe)m] 



Im Mkk = Im ■ 



Im[TOfe(m - TOfe)(TO - m^ + TO^:)] 



m — TJik 



m 



Im mj; 



TOfc 



Im(m — mfc) . 



(4.8) 



From this we have 

Im m 
Im Mfefc 

Using the estimate 

2 Im(m — TTife) 



I mfc I 2 Im(7n— mfc) , I m— I ^ Im 
I m I Im m I m I Im m 



TOfc 



Imm 



TO — TOfe 



TO 



ImTOfe 
ImTO 



< 



TOfe 



TO — TOfe 



TO 



< 



< 2 



TOfe 


2 

+ 2 


TOfe 


TO 




TO 



we see that the hmit relation hm^^o ^^M^kix+is) ^ ^ implies (|4.7I) 

In addition, further rewriting (j4.7|) as lim^io 
from Lemma 14.51 that 



= —1, we get 



ImTOfe(a; + ie) Im to(x + ie) — TOfe(a; + ie) 
lim = 0, lim — -r 

elo Re TOfe (x + ie) eio Re[TO(a; + ie) — TOfe (a; + ie)\ 

Step 2: In this step we show that for each — 1} 

I . miix + ie) . . _ 
ai\x) := hm — ■ — exists m 



io TOfe(x + ie) 

n — 1} be given. By (i), {ii), and Theorem 12.131 we have 

ImMiiix+ie) _ 

■e-l-O ImMfcfc(a:+i£) ~ LUkk{x)' 



Let I e {1, 

lim^in = M^)- Using m, thus lim, . . H^LMiiiE+l^ - i£iiM 



^eiO Im tr M(x+ie) 

From the computation (j4.8p . it follows that 



ImMH(z) 
ImMfefe(2:) 



mi{z) |2 Im(m(2:) — mi(^)) 
m^; (z) I Im m(2:) 



m{z) I 2 Im nil (z) 
ruk {z) I Im m{z) 



lm.(m(z)—mk (z)) 
Im 7n{z) 



1 



m{z) |2lmmfc(2) 
m^; (x) I Im m(^) 



Due to (14. 7p . the denominator tends to 1 when z = .t + and e J, 0. Therefore, 
the numerator has the limit i^iiisl i.e. 



lim 



TO; (x+ie) 



mi{x+ie) m{x + ie) 



mk{x + ie) mk{x + ie) 

mi{x + ie) 2\ ImTO;(a; + i£) 



mk{x+ie) J Imm(x+ie) 



^u{x) 
i^kk{x) 



(4.9) 
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Let us show that \im^ i n I ™'('^+^.^) I 



were not 



= First, if iriii£±i£i 

bounded as e J, 0, then there would exists a sequence {ejjjgN with Sj \- 0, 



such that Hnij- 



mi(x+iej) 
I mfc(a;+i£j) 



= oo. We have 



mi 


ni 


2 


m 


2 


mi 




m 
rn± 


-0 


ruk 


ruk 




ruk 




mk 







and it follows that 



mi{x-\-iej) m{x+iej) 



mk{x+iej) mk{x+iej) 



mi{x+iej) 



mk{x+iej 

mi{x+iej) 2 



mkix+iSj) 



as J 



(4.10) 



Since < ^i,^^i^x+is) — 1' follows that the expression on the left side of (|4.9p 
would also be unbounded, a contradiction. This means that ™' (^+'e) j-emains 
bounded when e 10. We have 



mi 
mk 



m 
mk 



mi 



mk 



mi 
mk 



m 
mk 



and it follows that 
mi{x+ie) 



mi 



m{x+ie) 



mk{x+ie) mk{x+ie) 
Now we get from (|4.9p that 



mk 
< 



mk 



2 


mi{x+ie) 




mk{x + i£) 



mi m 
mk mk 
mi m 
mk mk 



mi 



mk 
mi 



< 



mk 



o(l) as e J, . 



Next, rewrite 



Since 



lim 

£4,0 



mi{x + ie) 



mk{x + ie) 



mkJ 
Remfcl 



\mk\ 



UJkk{x) 



Imm/ RcTOfc Rem; Imm^ 



\mk 



< 1, 



\mk\ 
Im mi Im mk 



Re m; I 
\mk\ 



< 



\mk\ 



\mk\ 



Im m 
< < 

\mk\ 



we have lim^mlm ( ™'(^+"^) \ — q Therefore 



\mk 



mi 



mk 
m 



mk 



\mk\ 

0(1), 
0(1), 



either lim 



mi(x 



le] 



4,0 mk{x 



le) 



I ujii{x)_ 
^kk(x) 



mi{x + ie) 
|o TOfc {x + ie) 



lim 



I uJiiXx)_ 
^kk{x) 



In both cases the limit lim^m ^/^"'""^j^ exists and is real. 
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Step 3; Computing rank: Let l,p ^ {1 
Mip{x + ie) 



1}. lil^p, then 



lim ■ 



£4^0 Mkk {x + ie) e|o 
li I = p, then 



um —, — r-^ — ai[x)ap{x) . (4-11) 



1 



m{x+ie) 
mkix+ie) 



. . , mi{x+ie) 

Mii{X + iej _^._mk{x+ts) 



lim — ' — hm ■ 

sio Mkk[x + ie) eio 



/ mi (x+ie) 
\mk{x+iE) 



m(x+ie) > 
mk(x+iE) I 



ra{^x-\-ie) 
mfc(a;+ie) 



a\{x). (4.12) 



From (w) it foUows that there exists a sequence {ejjjgN with e.j \, 0, such that 

hnij^oo |^Mfcfc(x+!ej) ^ '^(1) ^ °°- Applying Lemma we get from 
(|iTl|) and (lO^ that 

- — — - — — — = a;(a;)ap(a;), = 1, . . . , n - 1 . 

ImMfefc(a; + lej) 

Since lo(x) is positive semidefinite, {Hi) imphes that 



Wij (a;) =0, i = n OT i ~ n . 



Altogether, 



iX}(x) 



1 



a\{x)a2{x) 



02(a:)ai(a;) 
ai(x) 



ai(x)a„_i(a;) a2(a;)a„_i(x) 



V 











a„_i(a;)ai(x) 
an-\{x)a2{x) 



a 



n~l{x) 











0/ 



The rank of this matrix obviously cannot exceed 1. However, 0^(2;) 
hence it is nonzero. 



1, and 
□ 

Having available Lemma 14.41 and Lemma 14.71 it is not difficult to prove Propo- 
sition [ 



Proof of Proposition \4-S\ Let a /i-zero set X C R be given. It is enough to show 
that the conditions (i), {ii) appearing in Lemma 14.41 and Lemma |4.7I and the 
conditions (iw), {v) appearing in Lemma 14.71 are satisfied p-a.e. on X. 

The fact that the symmetric derivative uj{x) exists p-a.e., has been noted in 
Remark 12.61 Denote by /i^c and pac the absolutely continuous parts of p, and p 
with respect to the Lebesgue measure. By Theorem ll.il pac ^ Pac ^ Thus 
the set X is pac-zero. Corollary [231 says that for p^-a.a. points a; G R one 
has ^{x) = 00. Since X is pac-zero, one has ^{x) = 00 not only for ps-a.a., 
but even for p-a.a. x G X. 

Corollary 12.41 {ii), shows that for p-a.a. points x & X we have ^{x) = 0. 
Corollarv 12 . 161 applied with the measure p and the measures that correspond to 
the Herglotz functions AIu gives 



\Rc Mii{x + ie)\ 
ImtrM(x + ie) 



00 as e 4, 0, Z = 1, . . . , 71 — 1 , 



for p-a.a. x G 



□ 
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stage 2: /x-absolutely continuous part. 

Consider tlie sets 



|(.) = oo, |(x)e[0,oo) 



00 as e 4, 0, 



I ReTO(a; + ie)\ 
lmm{x + ie) 

yi = l,...,n: ^^(x) exists, and lim _ 

ci/x £4,0 m(x + le) dfi 



Xl^:={x€Xreg: 3Ze{l,...,n}: ^(^) = l} , 
X>i := {x e X^eg : ^(^) = l} • 

Note that, since X^Li d^fC^) = ^ ^(^) ^ I^'l]' following 

alternatives takes place: 

(1) There exists one index fco with -^^(x) = 1, and for all other indices 
ky^kowe have ^{x) = 0. 

(>1) For all indices k we have ^^{x) < 1, and there exist at least two indices 
k with ^{x) > 0. 

In this part we show the following statement. 

4.8 Proposition. The following hold: 

{i) The set X^^g is p-zero. 

(m) For p-a.a. points x G X^eg the symmetric derivative co{x) exists and 

rankw(a;) = r{x) — 1 . 



First, an elementary fact which we use to compute rank. 

4.9 Lemma. Let n gN, let bi, b2, ■ ■ ■ ,bn,d £M. \ {0}, and consider the matrix 



Mi-.-- 



( bdd-b^) -6261 
-6162 b^id-b^) 



\ -bibn 



-b2bn 



-bnbi \ 

-bnb2 

bnid-bn) J 



If d= J2^i> t^^''^ rankMrf = n — 1. Otherwise rankM^ = n. 
;=i 
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Proof. We have: 



rank = rank 



/d-bi -bi 
-62 - 62 



-b2 



\ -bn 

/do 
d 



'bn 



d - bn J 



rank 



~b, \ 

-b2 



/ 1 
1 



rank 



y —d —d ■ ■ ■ d ~ bn J 



-b, \ 

-b2 



rank 



/ 1 
1 







-&1 \ 

-&2 



d-Ebi 
1=1 



\-l -1 ••• d-bnj 



n-1, d - J2 bi = Q, 
1=1 

n 

,d-Y.bi^Q. 

1=1 



□ 



The next two lemmata contain the essential arguments. 



4.10 Lemma. For each x G X^eg we have 



dp_^ 



1=1 



dfi 



dfik 



dfi 



Proof. Since ^{x) — 00, Theorem 12.121 gives lim^j^o Imm(a; + ie) — 00. This 
implies that 



ImMnnix + ie) ,. 
iim — : ^ — = lim ■ 



eio lm.m{x + ie) eio |m(x + «e)p 
Let I G {1, . . . , n — 1}. Then we have 



Mu{x + ie) dm 



elo m{x + is) dfj, 



^ that ^ 

when j 00. Lemma 14.61 yields that also 



dfii 



Choose a sequence {ej}jgN, £j -I 0, such that 



I Rc m{x+iej ) 
Im 'm(x-\-i€j ) 



remains bounded 



Im Mil {x + iSj) d/i; 
i^-oo luim{x + iej) dfi 



lim 



ix)[l~^{x)), ? = .,n. 



dfi 



(4.13) 



Now we use the sequence {sjjji^n to evaluate ^{x) by means of Theorem l2.13l 
This gives 



dp 



ImtrM(a; + iSj) 



EdfJ-i , ^ / , upi 



— {x) = lim -r / ■ N / 7 
d/i j^oo hnm{x + i£j) -^—^ dfi 



dfii 



dfi 



(4.14) 
□ 
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4.11 Corollary. Let x e X, 



reg- 



Then 



X e X>^g. 



Proof. Let x G Xreg- Then we have x S ^leg if the above alternative (1) 



takes place, and x G X^^g if (>1) takes place. Hence, for x G X^^g we have 
TaZi - ^{x)) = 0, and for x e X>1 this sum is positive. □ 

4.12 Lemma. Let x e Xf'Jg, and assume that 
(i) The symmetric derivative uj{x) exists. 

(") If (^) = 
Then 

rankw(a;) = #|; e : ^(a;)>o|-l. (4.15) 

Proof. By Theorem 12. 131 the present assumptions (i) and (ii) ensure that 

ImM(x + is) 



uj{x) = lim 



io Imtr M {x + ie) 



(4.16) 



It is easy to show that the last row and column of the matrix uj(x) vanishes: 
By Theorem 12.121 our assumption (ii) gives limi^iQlintT M{x + is) — oo. We 
already saw in the proof of the last lemma that limg^o linm{x + ie) = oo, and it 
follows that lim^iQlm Mnnix + is) = and ujnnix) = 0. Since uj{x) is positive 
semidefinite, all entries ujij{x) with i = n or j — n must vanish. 

To shorten notation, set di{x) :— ^(x). Let be the same sequence 

as in the proof of the previous lemma. Then not only (I4.13|) holds, but also 



lim 



ImM;fc(a: + iSj) 



j^oo lmm{x + iSj) 
Referring to (|4.16p and (|4.14p . we obtain 
1 



di{x)dk{x), l,k — 1, . . . ,n — 1,1 ^ k . 



uj{x) 



n-1 

E diix){l - diix)) 
1=1 



( di{x){l - di{x)) -d2{x)di{x) 
-~di{x)d2{x) d2{x){l — d2{x)) 



V 



-di{x)dn-i{x) 




-d2{x)dn-l{x) 





-dn-i{x)di{x) 0\ 

-dn-i{x)d2{x) 

dn-l(x){l - dn-l{x)) 

0/ 



Applying Lemma 14.91 with the matrix obtained from uj{x) by deleting all rows 
and columns which contain only zeros, gives 



rank a; (a;) 



n-1 

: 1 < I < n-1, di{x) > 0} , ^di(a;)^l, 

1=1 

n-1 

#{/ : 1 < l<n-l, di{x) > 0} -1, di{x) = 1. 

1=1 
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The condition Y^^=i di{x) 7^ 1 is equivalent to dn{x) ^ 0, and the formula (|4.15p 
follows. □ 



Proof of Proposition Corollary 14.111 and Corollary 12.41 (i), show that X^^g 
is p-zero. Denote 

^teg '■= e X>1 : uj{x) exists, ^{x) ^ ooj . 
Then Lemma [4. 121 says that 



rankw(x)=#{;e{l,...,n}: ^(a;)>0}-l, x e X+g . (4.17) 
We have 



Xreg \ X+ Q { X £ R : u}{x) does not exist) U {a; G M : ^(x) G [0,oo)|u 

U ja; G R : '^{x) does not exist) U Xl^„ . 

L dA ) reg 

The first set in this union is p-zero by Remark 12.61 By Corollary 12.51 {iv), the 
second set is p^-zero. The third set is p-zero by Theorem 12. 11 and the last by 
the already proved item [i). Together, and due to the fact that the set Xreg 
itself is Lebesgue-zero, we see that Xreg \ X^g is p-zero. 
We have 

Xreg C {x G M \ £p,^ : ^(x) ^ [0, w)} U Sp^^, . 

Using Corollary 12.41 (Hi), we obtain that the intersection of every p-zero set 
with Xreg IS p-zcro. Hence, Df^^i{x) = ^{x) for p-a.a. x G Xreg, and (I4.17P 
implies that 

rankw(x) — r{x) — 1, for p-a.a. x G Xreg ■ 

□ 

Stage 3: Finishing the proof of the main theorem. 

Having available Propositions l4.3l and l4.8l it is not anymore difficult to complete 
the proof of Theorem 14.11 

Proof of Theorem \4-l\ Let p = p^c + ps and p = pac + Ps be the decompositions 
of p and p with respect to the Lebesgue measure. 

The set Xreg is Pac- zero, because (as we know from Corollary l2.5l (Hi)) the 
set {x G M : ^(x) = cxd) is pac-zero. The following properties hold: 



(1) ^{x) = OO ps-a.e. (due to Corollary!^ (iv)). 



(2) ^(x) G [0,oo) and the limit ^{x) exists p-a.e. (due to CoroUarvl^ (i), 
and Theorem 12.11). 



(3) 'immS+fi' ^ oo as e I p-a.e. (due to Theorem 

(4) lim,^o fg;^ = ^{x) p.-a.e. (due to Theorem m (ii)). 
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Hence, the set Xreg is /ig-full. Thus we can choose a Borel set X C Xreg with 
/Us(M \ X) =0 and ^ac{X) = (since Xreg is Lebesgue-zero). 

Let £ := IJlLi where f^i,,;^ are exceptional sets as in Theorem 12.11 By 
passing from X to X \£, we may assume that the functions are Borel 

measurable. Set 

Xs,ac ^ n X^^g . 

It is a Borel set. The set Xyi — r^^{{2, . . . ,n}) in the formulation of the 
theorem is determined only up to a /i-zero (and hence ps.ac-zero) set. Since the 
symmetric derivative coincides /x-a.e. with the Radon-Nikodym derivative 
D^fj,i (i.e., is a representative of the class of equivalent functions), we may use 

Xyi := |.T G M \ £ : for at least two indices "^i^) > o| . 

Then XyinX = Xs^ac- 

Now we can determine the Lebesgue decomposition of ps with respect to p,. 
Choose a Borel set Y with ps{Y'') = and A(F) = 0, so that ps = ly ■ p- Our 
candidates for the Lebesgue decomposition are: 

Ps.ac := • Ps, Ps,s ■= '^X" ■ Ps = Ix'^nr • P ■ 

Since X \ Xg^ac ^ ^reg, by Proposition 14.81 (i), we have p{X \ Xsmc) = 0, so 
Ps — Ps,ac + Ps,s- Furthermore, for every x G Xs^ac we have ^{x) £ (0, oo), and 
hence by Corollarv l2.4l (iii), 

Ps.ac ^ lx,,ac ' P = lx>i -tx ■ P = lx>i ' Ps- (4-18) 

Finally, from /is(X^) = it follows that ps,s -L Ps and therefore ps,s -L P- Thus, 
indeed, Ps,ac and ps.s are the absolutely continuous and singular part of ps with 
respect to p. 

From the fact that E ^ p and (|4.18p it follows that Item (I) of Theorem O] 
holds. Since X C Xreg and ps,ac{X'^) = 0, Proposition 14.81 implies that 

ranka;(a;) = r{x) — 1 for ps^ac-S'-Si- points a; G M , 

which gives item (II). Due to the fact that /i(X^ D Y) =0, Proposition 14.31 
implies 

ranka;(a;) = 1 for ps^^-a.a. points a; G M , 
and this is item (III). □ 



Appendix A. Some examples 

In this appendix we provide four examples in order to show that all possibilities 
for the spectrum which are admitted by Theorem 14.11 indeed may occur. We 
realize these examples on the level of Schrodinger operators. Due to the general 
inverse theorem stated as the second part of Theorem l3.41 it would be somewhat 
simpler to realize them on the level of boundary relations. However, in order to 
remain in a more intuitive setting, we decided to stick to the Schrodinger case. 
Also we should say it very clearly that our emphasize in this appendix is on 
examples and methods rather than on maximal generality. 
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Let us first recall in some detail how a half-line Schrodinger operator can 
be considered as a boundary relation. This is of course a (if not "the") stan- 
dard example for boundary relations, see |GG84j and the references therein. 
Formulated in our present language it reads as follows. 

A.l Remark. Let g be a real and locally integrable potential defined on (0, oo), 
and assume that is a regular endpoint and that Weyl's limit point case prevails 
at the endpoint oo. Denote by Tmax the maximal differential operator generated 
in L^(0, oo) by the differential expression —-^ + q- For a G R, denote by r(Q,) 
the relation 

FfQ.) :— Tmaxu); (m(0) cos a + u'(0) sin a; —u{0) sin a + u'{0) cosa)^ : 

u G domT,„,,} C L2(0,cx))2 x 

Then it is easy to see that is a boundary relation (in fact, "boundary 
function") for the operator Tmax- For a = see [DHMdSOBl Example 1.3]. For 
other values of a note that F^^) and F(q) are related by 

r(Q) = O F(o) 

with the Jc-unitary matrix 



Wn 



cos a sm a 
— sin a cos a 



and apply Theorem 13. 121 

Apparently, the selfadjoint operator 

Aa ■■= ker [tti o F(q)] 

is nothing but the selfadjoint restriction of Tmax given by the boundary condition 

w(0) • cos a -I- ■ti'(O) ■ sina = . 

First we consider Es.ac and Eac and give an example that an arbitrary number 
of overlaps (embedded into absolutely continuous spectrum or not) can be pro- 
duced. This is very simple; we elaborate it only for the sake of illustration and 
completeness. 

A. 2 Example. Let Ai,A2 be measures such that (A is the Lebesgue measure) 
Ai±A2, A, ±A, suppA, -[0,1], Aj({0}) = A,({l})-0, j-1,2. 
For n, m G Z, n < m, set 

m—l 

y{n,ra) (A) ^ A, ( A - /) ' ^ ^orel set . 

l—n 

Moreover, let / be the function 



2 „4 > 9 

, otherwise. 
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We consider the measures /ii , . . . , /i4 defined as 







■A, 




+/■ 


■A, 




+/■ 


■A, 




+/■ 


■A. 



m ■■= 

Now we appeal to the version of the Gelfand-Levitan theorem which apphes to 
the Dirichlet boundary condition, cf. |Lev871 §2.9]. The hypotheses of this resuU 
are obviously fulfilled, and we obtain a potentials qi, . . . , 54 on the half-line, such 
that fij is the measure in the integral representation of the Titchmarsh-Weyl 
coefficient constructed from the potential qj with Dirichlet boundary conditions. 

Let Ai, . . . , A4 be the corresponding non-interacting operators, and let A 
be their pasting with standard interface conditions. Then support sets of the 
spectral measures of Ai, . . . , A4 can be pictured as follows: 



t^Mi . . . contribution of A^-sliifts I . . . contribution of A2-shifts 
. . . contribution of / ■ A 



Support sets of E^^ac and Eac including multiplicities are: 
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Support set of Es^ac 



iV^(x): values Eg ac-^.c. 

A 

3 



-10 12 3 


4 


5 


6 7 8 


Support set of Eac'- 








Values Eac-^-c-'- Nji(x) — 


Na(x) = 4 



This example also demonstrates that from the singular spectra ag {Aj ) (which are 
the closures of the above pictured support sets), one cannot draw any conclusions 
about the singular spectrum as {A) or the spectral multiplicity function Na- 

Next, we investigate with Es^s-, i-e-, the possible appearance of new singular 
spectrum. This is not so straightforward. In order to make explicit computa- 
tions, we consider the situation which resembles a single half-line operator. 

A. 3 Remark. Let q be real and locally integrable potential defined on (0,oo), 
and assume that is a regular endpoint and that Weyl's limit point case prevails 
at the endpoint oo. Let n > 2, and extend the potential q to the star- graph with 
n edges by symmetry (i.e., consider the same potential on all edges). Matching 
the notation of Theorem 14.11 we thus have 



(0), 



I = 1, 



where r(o) is defined for q as in Remark lA.ll Then the Weyl functions mi are 



(0) 

all equal, namely equal to the classical Weyl function TO(o) constructed from the 
potential q. Thus, m — n ■ m^o)- 

From Proposition 13.181 we see that the n x n-matrix valued Weyl function 
M corresponding to the boundary relation F constructed by pasting Fi, • • • , F„ 
with standard interface conditions is given as 



^(n-l)m(o) -TO(o) 
-m(o) {n - l)m(o) 



M = 



In particular. 



-'71(0) 
-1 



-'71(0) 
-1 



-"7(0) 
-"7(0) 



-1 \ 



{n - l)r7i(o) 
~1 



-1 
1 



trM = - 

n 



(" - l)^"7(o) 



7(0) 
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Denote by fiQ and ctq the measures in the integral representations of rrijo) and 
— , respectively. Then, for the trace measure p constructed from M we have 

p-^ Hq + CTq. 

Using the notation of Theorem 14.11 we thus have 

p = n ■ /i(o), r{x) = n for p-a.a. points a; G M , 

and hence (denoting by P{o),s and (To,s the singular parts of /i(o) and ao with 
respect to the Lebesgue measure) 

(I) Es^ac ^ /^(0),s; 

(II) Na{x) = n — 1 for iJg^uc-a.a. points a; G M, 

Es,s - cro.s ■ (A.l) 

Using appropriately chosen potentials q, we can now provide examples that 
new singular spectrum (embedded or not) does appear, or that no new singular 
spectrum appears. 

A. 4 Example (Appearance of new spectrum, partially embedded). In [Rem99[ 
Theorem 3.5] a class of potentials is given, such that for every boundary condi- 
tion the corresponding Schrodinger operator Aa satisfies {F denotes a certain 
Smith- Volterra-Cantor-type set with positive Lebesgue measure) 

CT.c(^a) = [0,00), <Jac{Ac,) = F^ , (7p(A„) H (0, Oo) = . 

Using measure theoretic terms, we may thus say that there exist minimal sup- 
ports of the corresponding singular continuous parts P[a),sc of the spectral mea- 
sures which are Lebesgue-zero sets, mutually disjoint, and dense in [0, oo). 

For such potentials we see from (|A.ip that Eg^s 7^ 0, i.e., new singular spec- 
trum appears (precisely on a minimal support of p(^^) g). The part of this new 
spectrum located on the positive half-line is singular continuous. Moreover, 
since ^ supp £^ac = C [0,cx)), some part of it is embedded into the ab- 
solutely continuous spectrum. The spectrum originating from overlaps (which 
happens precisely on a minimal support of /i(o)) shares these properties. 

A. 5 Example (Appearance of new spectrum, not embedded). Consider the po- 
tential 

, , I fc, \x - exp(2fc2)| < i, 
q(x) := I I ^ 

I , otherwise. 

This potential was studied in |SS96| , and it turned out that for every boundary 
condition the corresponding selfadjoint operator A^ satisfies 

O-ac(^a)=0, Crgc(Aa) = [0,00). 

Moreover, depending on the boundary condition either ap{Aa) is empty or con- 
sists of one negative eigenvalue. Expressed in measure theoretic terms, this 
means that there exist minimal supports of the corresponding spectral measures 
which are all Lebesgue-zero sets, are mutually disjoint, whose intersection 
with [0, 00) is dense in [0, 00), which contain at most one point on the negative 
half-line, and that p(^a.) has no point masses in [0,cxd). 
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For this potential we see from (|A.1[) that Es,s ^ 0, i.e., new singular spectrum 
appears. This new part of the spectrum is singular continuous and embedded 
into the spectrum originating from overlaps (the closures of minimal supports 
of Eg^ac and Eg^s are both equal to [0, oo)). 

A. 6 Example (Non-appearance of new spectrum). We follow the idea given 
in |Don65) to construct examples, and use the type of measures discussed in 
[Don65l Example 1] and the Gelfand-Levitan theorem. However, we need to re- 
fer to the version of the Gelfand-Levitan theorem which applies to the Dirichlet 
boundary condition, cf. |Lev87l §2.9]. 

Let us first recall the argument made in |Don65[ Example ijl. Let / be a 
continuous, bounded, and positive function on R, let Aq be a positive measure 
with Jjj '^^_^^t^ < oo, and consider the measure 

V ■■= Xa + f ■ X, 

where A is the Lebesgue measure. Denote by m the corresponding Hergiotz- 
function 

Then, since v > f ■ \, we have 

liminf ImTO(a; -f ie) > 7r/(a::), x G M . 

In particular, the function m{z) never approaches a real boundary value when 
z tends to a real point (along a perpendicular ray). 
Consider the Herglotz functions 

, , Tm{z) — 1 _ 
mr{z):^ \\ , tgM, 
■m(z) + T 

and let be the measure in the integral representation of m^.. Then, by 
Aronszajn-Donoghue (cf. |GTOO[ Theorem 3.2,(3.17)]), the measures i^r are all 
absolutely continuous with respect to the Lebesgue measure. 

Next, we make an appropriate choice of / and Aq, so to allow an application 
of the Gelfand-Levitan theorem. Set, for example, 

ft , 2 je-\ x<l, 
^(")^=3^-|.i , x>l, 

and let Aq be compactly supported. Then the hypotheses of the Gelfand-Levitan 
theorem are obviously fulfilled, and we obtain a potential q on the half-line, such 
that the measure v is the measure in the integral representation of the Weyl 
function constructed from the potential q with Dirichlet boundary conditions. 

Symmetrically extending the potential q constructed in the above paragraph, 
yields examples with 

(i) Es = (choose Aq =0), 

(ii) Es^ac 7^ but Es^s — (choose Aq to be singular). 



Again, we do not aim for maximal generality. 
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Appendix B. Other boundary/interface condi- 
tions 



In the first statement of tliis section we sliow liow Tlieorem 14 . 1 1 can be used to 
deduce the classical result of Aronszajn-Donoghue that the singular parts of the 
spectral measures corresponding to different boundary conditions in a half-line 
problem are mutually singular. This approach is of course more complicated 
than the original one, and hence should not be viewed as a "new proof of an 
old result". The reasons why we still find it worth to be elaborated are: (1) 
reobtaining previously known results gives a hint that the new result is not 
unnecessarily weak, and (2) it demonstrates the usage of boundary relations 
with a nontrivial multivalued part. 

B.l Corollary (Aronszajn-Donoghue). Let q be real and locally integrahle po- 
tential defined on (0, oo), assume that is a regular endpoint and that Weyl's 
limit point case prevails at the endpoint co. Let ai,a2 £ [0,vr), ai ^ a2, be 
given, and let denote the selfadjoint operators given by the corresponding 
boundary condition. Then the singular parts of the corresponding spectral mea- 
sures are mutually singular. 

Proof. Let T^ax be the maximal operator associated with differential expression 
~lx^ -|- q, and let Fq^. be the boundary relations constructed in Remark lA.ll 
Moreover, denote by fJ-(aj)y j — lj2, the measure in the integral representation 
of the Weyl function of Fq,^ . 

Set /3 := ai — a2, and denote by F the boundary relation 

f := { ((0; 0); {~w sin/3; w cos /?)) : w G C} C {0}^ x . (B.l) 

Then the pasting F of F and T(ai) with standard interface conditions is given 
as 







u;sin/3+[u(0) cosq;i+m'(0) sinai] \ / — wcos/3 

w cos /?+ [— w(0) sinai +m'(0) cosai]/ ' \— [m(0) cosai-l-w'(O) sinai 



weC, ue domT„iax^ C {{0}xL^{0,oo)Y x 



A short computation shows that (we identify {0} x £^(0,00) with ^^(0, 00)) 
ker [tti o F] = • The Weyl function m of F is equal to the real constant 
— cot/3; note here that /3 e (— tt, tt) \ {0}. The measure jl in its integral repre- 
sentation is thus equal to 0. Using the notation of Theorem 14. 11 we have 

/X = /i(Qi), r(x) — 1 for fi-a.a. points a; G M , 

and hence Es^ac = 0. However, E ^ M(q2)i ^^-^ we see that fJ.i^a:2)-s = M(a2),s.s -L 
M(qi)- Therefore A*(qi),s -L M(a2),s- □ 

Finally, we provide some knowledge on other interface conditions than the stan- 
dard ones. In the context of this example, it is however important to add two 
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remarks: 

(1) The formula for spectral multiplicity will not be given in terms of the spec- 
tral measures of the non-interacting operators, but in terms of the corresponding 
Weyl functions. Hence, the below result cannot be viewed as a strict analogue 
of Theorem 14. II for other interface conditions. 

(2) The applied method provides knowledge only about a particular (small) class 
of interface conditions. It does not lead to a treatment of arbitrary interface 
conditions on a star-graph, and even less to a formula for multiplicity on graphs 
with a more complicated geometry. 

B.2 Proposition. Let n > 2 and real valued locally integrable potentials qi, 
I = 1, . . . ,n, on the half-line be given, such that qi is regular at and in Weyl's 
limit point case at oo. Let ai,...,a„ G [0,27r) and b £ (0,7r) be given, and 
consider the selfadjoint matrix Schrddinger operator A defined on L^(0, oo)" by 
the differential expression — + V with the diagonal matrix potential 



V{x) 



qn{x)^ 



and the interface conditions 

wi(0) cosoi -I- u'i(O) sinai = ■ • ■ = u„(0) cosa„ -f- uJj(O) sina„ , 

n 

^ [ui{0) cos{ai ~b) + u'liO) sm{ai - b)] = . 
1=1 



(B.2) 



Denote the Titchmarsh-Weyl coefficient constructed from the potential qi (with 
Dirichlet boundary conditions) as mi, and set 



Si 




limj^o Jni{x + is) — ~ cot a;} , ai ^ {0, tt}, 
lim^io IinTOi(a; -I- ie) = oo} , aiGjO, tt}. 



Then 



-a.e. 



Proof. First of all, let us explicitly state how the operator A acts: 



A 



on the domain 
domA := 











( qiui\ 










\Un/ 


dx^ 


\UnJ 










\qnUn/ 



<^ (wi,...,M„) G ]^L2(0,oo) 

1=1 



ui, u'l are absolutely continuous, —u'/ + qiui G ^2(0, 00), 
iti, . . . , M„ satisfy the interface conditions (|B.2p 



48 



For I — 1, . . . , n let F; be the boundary relation which is defined from the po- 
tential qi as F(aj), of. Remark lA.ll Moreover, let F be the boundary relation 
defined in (|B.ip . We consider the pasting of Fi, . . . ,F„,r with standard in- 
terface conditions. Then an element (ui, . . . , u„) belongs to the domain of the 
operatoi0 ker[7ri o F] if and only if 

{ui (0) cos ai + u[{0) sin ai — —w sin b, I — 1, . . . ,n , 
^ [ — u; (0) sin ai + ui{0) cos a; J — ~w cos b . 
1=1 

Eliminating w from these equations, yields the assertion. □ 

B.3 Remark. Some observations are in order: 

(i) It is interesting to notice that the support set and the multiplicity function 
corresponding to E^^ac does not depend on the choice of the parameter b. 

(m) The fact that the value "6 ~ 0" is excluded is natural. For this value the 
conditions (IB. 21) reduce to 

Mi(0) cosai + u[{0) sinai = • • • = m„(0) cosa„ -f mI^(O) sina„ = , 

i.e., the operator A is equal to the direct sum of the non-interacting 
operators Ai defined by the potentials qi using the boundary condition 
u/(0) cos a; + uj(0) sin a; = 0. 

(iii) The case that "6 = ^" could be treated somewhat simpler. For this 
value the operator A coincides with ker[7ri o F] where F is the pasting of 
Fi, . . . , F„ with standard interface conditions. 
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